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Abstract

The low-frequencycortent of ACS at elds cannot be accurately determined from
ground-basedcalibration data or internal lamp exposures.It must thereforebe determined
from on-orbit sciencedata. Photometry of a stellar eld that is imagedmultiple times with
di erent pointing or roll is ideal for this purpose. | describe a mathematical algorithm to
usesud data to determine the residual low-frequency at- eld structure (L- at). The

L- at is expandedasa linear sum of two-dimensionalbasisfunctions. Magnitude di erences
betweenmeasuremets for the samestar at di erent positions on the detector constrain the
coe cien ts of the linear sum. This reducesmathematically to an over-determinedlinear
least-squaregproblem that can be solved through singular-value decomposition. This yields
both the best- tting L-at and its formal error. A numerical FORTRAN implemertation
of the algorithm is preserted and its accuracyveri ed usingtests with arti cially generated
data sets. The software was usedby Mack et al. (ACS ISR 02-08)to analyzeearly ACS
WFC and HRC data of the globular cluster 47 Tuc. The inferred fourth-order polynomial
L- at correctionsto the ground-basedcalibration ats were implemerted in the ACS
pipeline in late 2002. It is shovn that newly implemenrted featuresin the software should
allow further improvemeris in theselL- ats. The methods preserted here are generally
applicableto other imaging instruments, and are not restricted to useon ACS data.
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1. Intro duction

Before the launch of ACS a signi cant amourt of e ort was spent to obtain
laboratory at elds. Longward of its 35007 optical cuto, the Refractive Aberrated
Simulator/Hubble Opto-Mechanical-Sinulator (RAS/HOMS) was usedin 2001 February-
March with a cortinuum light sourceto produce at elds which include both the low
frequencyL- at and the high frequencypixel-to-pixel P- at structure (Bohlin, Hartig &
Martel 2001). The hope was that these LP- ats could be usedfor accurate calibration
of on-orbit data. Howewer, early SMOV data, both of individual spectro-photometric
standards and stellar elds, suggestedthe presenceof residual low-frequency at- eld
structure, even after full pipeline calibration with the laboratory ats and correction for
geometricdistortion using Pydrizzle (as descriked in the ACS Data Handbook; Mack et
al. 2002a).

There are two obvious approadhesto quartify and correctfor residual L- at structure.
The rst approad is to usedeepimagesof \empty" sky elds. After full reduction sud
imagesouglt to be at. Any deviationsfrom atness can be useddirectly to improve the
pipeline at elds. The secondapproad is to use point-source photometry, as descriked
below. | focus here on the latter approad, in part becauseearly in the ACS mission
point-source photometry of well-chosenstellar elds is more readily available in di erent
Iters than deepsky obsenations. Nonethelessijt is de nitely important to also construct
sky- ats in asmany lters aspossible,and to ched for consistencywith the results derived
from point-source photometry. Sud e orts are currently in progress.

ResiduallL- at structure causesstars in fully reducedimagesto have slightly di erent
magnitudeswhen placed at di erent positions on the detector. | describe mathematically
how this information can be usedto determine the positional dependenceof the residual
L- at structure. A FORTRAN implemertation of the method is presened, and the software
is tested on arti cially generateddata setsto demonstrateits accuracyand e ectiv eness.
The application to real data and the creation of at elds for usein the ACS pipeline was
described previously in a separatelSR (Mack et al. 2002b). | descrite newly implemenrted
featuresof the software which should allow further re nements of the pipeline ats.

A post-hac investigationinto the scarceliterature on this subject shoved that the basic
ideasunderlying the discussionpresened here were described previously in the cortext of
other instruments or obsenational scenarios(Green eld 1994; Manfroid 1995,1996;Wild
1997; Manfroid, Selman& Jones2001). The presen paper addsto this existing body of
work by providing a detailed description of the underlying mathematics and implied error
analysis,a software implemertation that is tested on arti cial data to assesghe accuracy
of the method and the reliability of the error estimates, and a description of practical
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applicationsto ACS data.

2. Mathematical Description
2.1. Problem Statement

Considera star i, with unknown magnitude m;. Here and henceforth,all magnitudes
are assumedto be calibrated to somearbitrary photometric system. The star is obsened
N; 2times. The telescoge pointing is dithered or rotated betweenobsenations, sothat in
ead obsenation the star falls on a di erent position (x; ;y; ) of a two-dimensionaldetector,
wherej = 1;:::;N;. For eat pointing, aperture photometry is performed on the fully
reduceddata. This yields obsened stellar magnitudeso; with formal random errorse; . If
a stellar eld is obsened, then thesemeasuremets are available for many di erent stars,
i=1:::;S.

If the data were properly at elded, then ead o; is an unbiased estimate of the
unknown magnitude m;. Thus:

mi =0 €, (i=1:::;8 and j = 1;:::;N): (2)
For ead star, the optimal estimate of m; is then simply the weighted averageof the
measuremets, 2 3 2 3
Wi LN )
m=4 o=¢5 4 1=¢5; (i=1:5;S); 2)
j=1 j=1
with formal random error on the weighted average
2 3 1=
m =4 1=¢5 ; (i=1:::;9): (3)
i=1

By contrast, if the data were not properly at elded, then equation (1) acquiresan
additional term that dependson the position on the chip:

m; + R(X;;Yij) = 0  €; (i=1:::;8 and j = 1;:::;Nj): 4)

The unknown function R(x;y) enters into equation (4) in an additive sensebecause at
elding is a multiplicativ e operation whereasthe magnitude scaleis a logarithmic one. This
is why stellar brightnessesn this cortext are best expressedn magnitudes, rather than
intensities (counts) or uxes (counts/sec). It yields a problem that is mathematically more
easily tractable. If it is assumedthat the at eld that wasapplied in the data reduction



{41

is incorrect only in terms of its low-frequencycortent, then it makessenseto expand the
function R(x;y) into a linear sum of K two-dimensionalbasisfunctions R (X; y):

R(xy) = X aRe(xy); (k=15 K): (5)
k=1

The basisfunctions are assumedto be known, and can be chosento be polynomials or
any other conveniert functional form (seeSection2.4 below). The function R(x;y) will
henceforthbe referredto asthe L- at . It is expressedn magnitudes. (Nothing specic
is assumedabout the frequencycortent of the L- at, soin principle, by using a very
large number of basisfunctions, the algorithm can determine variations at any arbitrary
frequency) The L- at, asde ned here,doesnot descrilke a property of the actual at eld.
Instead, it measureghe residual structure with respect to the pipeline at eld that was
usedto calibrate the data.

The coe cien ts ax that characterizethe L- at remain to be determined. Substitution
of equation (5) into equation (4) yields

X
mi+  aljk=0 €; (i=L%::5;S and j = 1;:::;Ny); (6)
k=1
wherethe scalarsrjj are de ned as
Fik  Re(Xi:yi); (i=2:::;8 ; j=2L::5;Ny and k= 1;:::;K): (7)

The data can only determinethe L- at R(X;y) up to an arbitrary additive constart. The
choice of the constart (i.e., the normalization of the at eld) is up to the user, although
with any given choicethe zeromint of the photometric magnitude systembecomesxed.
Without lossof generality, it is imposedherethat the function R(X; y) averagesto zeroover
the detector, to within an accuracy :

1% X 1 X

P R(Xp; Yp) = ak45 Re(Xp;¥p)® =0 (8)

p=1 k=1 p=1

The P points (X,;Yp) are chosento uniformly samplethe detector (e.g., all the pixels on the
detector, or a subsampledsubsetof them). The accuracy canin theory be setto zero, but
for numerical reasonsit is corveniert to usea small but non-zeronumber, e.g., = 10 °.

2 3

2.2. Problem Solution
Division of equations(6) and (8) by their respective errors yields

X
(1=g )m; + a(rijk=e) = (0 =g ); (i=2:::;8 and j=1:::;Ny); (9
k=1
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and 2 3

X 1%

ak4p— Rik(Xp; Yp)° = 0; (10)
k=1 p=1
with a formal random error of unity for ead equation, and for all i and j. This set of

equationscan be written asa linear matrix equation,
Ax="1: (11)
The column vector x cortains the unknowns. It is de ned as
¥ (mg;::ii;ms;ag;iii;ak) (12)

and hasdimensionL S+ K. The column vector D cortains the constrairts (the
obsenablesand the adopted normalization), and is de ned as

D (011=€1; 012=€12; i 1 ; Osng =N ; 0): (13)

It hasdimension ;s !
M N, + 1 (14)
i=1
If the number of measuremets N; is the samefor eat star, N; = N, then M = NS+ 1.
The matrix A hasM rows and L columns. The number of unknowns L is typically
much smallerthan the number of constrairts M and the matrix equation (11) is therefore
over-determined. The coe cien ts of the matrix follow from equations(9){(13). Many of

the coe cien ts are zero, and the matrix is therefore sparse.

The formal random errors in equations (6) and (8) are uncorrelated and are
appraximately normally distributed. The maximum likelihood t for the unknown
quartities in the vector x is thereforethe conbination that minimizesthe 2 quartity

?= jiAx T (15)

wherethe right hand side is the Euclidean norm of the vector Ax Bin M -dimensional
vector space. The vector x that minimizes this norm is called the least-squaressolution
of the matrix equation (11). One way to nd the least-squaressolution is to solve the
so-callednormal equations(ATAx = ATH). However, it is numerically more robust to use
the singular value decomposition (SVD) of the matrix A (e.g., Presset al. 1992). Linear
algebraictheory shovsthat A canbe written asthe product ofanM L column-orthogonal
matrix U, anL L diagonalmatrix W with positive or zeroelemerts, and the transposeof
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anL L orthogonalmatrix V. Many numerical routines exist to determine thesematrices.
Oncethey have beenfound, the elemerts x,; of the solution vector follow from

DS
X| = Vi Ui b=W;; (I=1:::5L): (16)

i=1j=1

The variances(squaredformal errors) of the unknowns are

x
( x)%2=" (Vi=W;)% (1=1;:::;L); (17)
j=1

and the covariancesbetweenthe unknowns are

CC’\/(X“Xk):X-\/”VkJ':VVij; (I=1:::;L and k= 1;:::;L): (18)
j=1

Valuesof W;; near zeroidentify singularities in the matrix problem (hencethe name
\singular value decompsition"). As discussedn Presset al. (1992), the appropriate thing
to do for sudh Wj; is to set 1=W; to zeroin the above equations(not in nit y!). In practice
onecan usethe criterion W;;  Wpax, €.9.,with = 10 19 where Wnax is the maximum
of all the W;;. This is equivalert to throwing away thoselinear conbinations of constrairts
that aect 2 only at the level of the round-o error.

L-at R(X;y) to be calculated at any position (x;y) using equation (5). The variance
(squaredformal error) of the L- at at any position (x;y) follows upon application of the
standard formulae for error propagation:

XX
[ ROGYIE=  RiGGy)Ri(xy)Cov(a; &) (19)

i=1 j=
Theseerrors measureonly the propagatedin uence of the formal random errors g; in
the stellar magnitude measuremets. The sameis true for the variancesand covariances
in equations(17) and (18). Of course,in real applications the quality of the solution is
often dominated by systematicerrors (e.g., the quality of the spatially dependert aperture
correctionsusedin the stellar magnitude determinations, or the quality with which the
basisfunctions can reproducethe true L- at).

2.3. Alternativ e Approac h

The CPU requiremerts for nding the least-squaressolution of a matrix problem scale
asL3, wherelL is the number of unknowns. It is thereforeine cien t that equation (11)
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the L- at. An alternative way to phrasethe problem is thereforeto considerobsened
magnitude di er enes as the fundamertal constrairts, and not the obsened magnitudes
themsehes. To this end one can take equation (6) and subtract for ead star the rst
measuremen from all the other measuremets. This yields:

a(rije  riw) =dy  ; (i=1:::;8S and j = 2:::;Ny); (20)
k=1

where
di o O i (e + €)' (i=1:::;S and j=2:::;Nj): (21

The errorse; and e;; add in quadrature to form j . Division of equation (20) by j yields

X _ ,
al(rin  riw)=41= (dj=54); (i=21:::;8S and j = 2:::;N); (22)
k=1
with a formal random error equalto unity for all i andj. This set of equations,combined
with the equation (10) that setsthe at- eld normalization, yields another linear matrix
equation:
By = €: (23)

The unknowns are now cortained in the column vector y. It is de ned as

y (ag:iiak) (24)

€ (di2= 12;0h3= 13;:::;dsng= sns; O): (25)

It hasdimensionM  S. If the number of measuremets N; is the samefor eadt star,

Ni = N,thenM = (N 1)S. The matrix B hasM S rows and K columns. The number
of unknowns K is typically much smallerthan the number of constrains M S and the
matrix equation (23) is therefore over-determined. The coe cien ts of the matrix follow
from equations(10) and (22){(25). The matrix B is not sparsebecausenone of its elemerts
are necessarilyzero.

The least-squaresolution of the matrix equation(11) can be obtained through singular
value decomposition in exactly the sameway as descrilked in Section2.2. This yields the
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the L- at and its formal error for any position (x;y). The stellar magnitudesm; are not
obtained directly from the solution of the matrix equation. Howewer, they can be estimated
by correcting the obsened magnitudeso; for the L- at using equation (6), and taking the
weighted averageof the results:
2 ” 3 2 3
R X C e K _
m =4 o arje €5 4 1=e5; (i=1::::9): (26)

j=1 k=1 j=1
The errorsin the L- at are generally much smaller than the errors in the individual
stellar magnitudesfrom which it was estimated. The formal error m; can therefore be
appraximated by equation (3), which assumeghat errorsin the L- at determination can
be neglected.

Henceforth, the approat basedon equation (11) is referredto as the direct matrix
method; the approad basedon equation (23) is referredto as the di erential matrix
method. The di erential matrix method has someminor drawbadks from a mathematical
viewpoint. The di erent obsenations for a star are not treated symmetrically. The rst
obsenation hasa special place and is usedas a referenceto comparethe other obsenations
to. If the rst obsenation hasa large error e then this propagatesinto all constrairts
through the de nition of ;. To avoid this, it is bestto reorder the measuremets for ead
star, without loss of generality, sud that the rst one hasthe smallesterror: 1 g
(i = 2;:::;N;).1 An added complication from the special treatment of the rst obsenation
is that the errorsin the di erent constrairts for a given star in equation (20) ceaseto be
uncorrelated. As a result, the least-squaressolution of the matrix equationBy = € is not
mathematically equivalert to the maximum likelihood solution. Howewer, it should be very
close.Measuremets for di erent starscortinueto have uncorrelatederrors, and the number
of di erent stars S is generallymuch larger than the number of di erent obsenations per
star N;. Sothe direct method is mathematically slightly more robust, but the di erential
method is much quicker to solve due to its lower dimensionality.

linstead of subtracting the obsenation with the smallestformal error, onecould alsosubtract the weighted
averagemagnitude of the obsenations, as given by equation (2). This would have the advantage of treating
all obsenations symmetrically. This was not explored further, given that the method described in the text
already seemsto work well enough (seeSection 4).
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2.4. Choice of Basis Functions

To appraximate the L- at with a two-dimensionalpolynomial of order Z | use

Rk(X; y) = Pa(Xx9P; (¥9; k=q(Z+1)+r+1 (q=0;:::;Z and r=20;:::;2Z):

(27)
The total number of basisfunctions is K = (Z + 1)2. The function P, is the Legendre
polynomial of order n. The quartities (x%y9 are obtained from the detector coordinates
(x; y) upon remappingto the interval ( 1;1) using the equations

x®  (2x=X) 1; vy (2y=Y) 1, (28)

where X Y is the sizeof the detector. With this choice of basisfunctions, the L- at
R(x;y) given by equation (5) becomesan arbitrary polynomial composedof terms of the
forms x9%" with both g and r non-negative and Z. One could also useR(Xx; y) = xy'
as basisfunctions to describe the samefunction space,but the Legendrepolynomials
are numerically to be preferreddue to their functional orthogonality. This orthogonality
implies that all basisfunctions averageto zero over the detector, with the exception of
R1(X;y¥) = Po(x9Po(y%) = 1. The normalization constrairt given by equation (8) therefore
forcesa; = 0 in the expansionof the L- at (equation [5]) and hasno e ect on the other ay

A disadwantage of polynomials is that they cannot describe L- at variations on
intermediate frequenciesunlessone goesto fairly high ordersZ. Howewer, polynomial ts
with high orders can have disadvantagessud as unphysically large excursionsnear the
detector edges.Other setsof basisfunctions are thereforeworth exploring. One alternative
basisset hasthe form

( 1, if (x;y) in rectanglek ;

Rk(X;y) = 0; otherwise.

(29)
Here the detector areais divided into K~ W? rectangles,equal to the total number of
basisfunctions. Eac rectanglehassize[X=W] [Y=W]. For a squaredetector with W = 8
this resenblesa chessboard. | will thereforerefer to equation (29) asthe \chessboard
basisfunctions". With this basisset, the L- at R(X;y) given by equation (5) becomesan
arbitrary function on a \pixelized" versionof the detector space(seeFigure 1c below for an
example).
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3. Software Implemen tation

The algorithms were implemerted into a FORTRAN program. On input, the program
readsan ASCII le with stellar IDs, positionson the detector, and magnitude measuremets
and errors. Very small magnitude errors may not be realistic, and there is the option to
add a systematicerror o or in quadrature to all the photometric errors. Either all stars
can be usedin the analysis,or a subsetcan be chosen. Subsetscan be selectedrandomly;,
or on the basisof stellar magnitude (e.g., only stars with averageobsened magnitude in
a certain magnitude range) or ID number. Stars can also be removed from the sample,
for exampleif the spreadin the obsened magnitudesis suspiciouslylarge (indicating a
potertial problem with one of the measuremets, or an intrinsically variable star). The
user can selectwith which algorithm to solve the problem (equation [11] or [23]), and
what maximum order and type of basisfunctions to use. For polynomial basisfunctions
on WFC, separatebasisfunctions are usedfor both CCDs (i.e., the basisfunctions are
de ned to be zerooutside the areaof the CCD to which they apply). There are usually
stars that have beenobsened on both CCDs, so the relative magnitude o set betweenthe
L- ats for the two CCDs is constrainedby the data. For the chessboard basisfunctions
on WFC, the camerais treated as a single squaredetector (the subdivision of the detector
areainto disjunct rectanglesautomatically causeshe two CCDs to be treated as separate
ertities). The program calculatesthe relevant matrices and vectors. The singular value
decompmsition of the matrix is performed using the subroutine svdcmpfrom Numerical
Recipes (Presset al. 1992). Oncethe solution has beenfound, the residualsof the data
with respect to the model t are calculated:

« !
ri = m; + ik (i=121:::;8 and j = 1;:::;Nj): (30)
k=1
The error in the residualis simply the error in the measuremet) ;. The 2 ofthe t to
the data is therefore
= (rj =g ) (31)
i=1j=1
This canbe comparedto the number of degreesof freedomof the problem, N4, which is the
number of constrairts minus the number of unknowns. For an excellert t oneexpects 2
to bein the range Ny 2Ng. If 2> Ng, then this may indicate that the errorsin the
data were underestimated(or alternatively, that the adopted set of basisfunctions cannot
adequatelyreproduce the true L- gt structure). In view of this, the program o ers the
option to rescaleall the errorsby  2=Ny. The L- at determinedby the program, as well
asits formal error, are written to output imagesin the native IRAF format. Thereis an
option to subsamplethe output imagesto minimize demandson memory and input/output.



{11{

The program also calculatesand writes a residual image, as well as its formal error. For
this, the userspeci es a subdivision of the detector areainto a chessboard pattern (with no
logical connectionto the basisfunctions, which might alsorepresen a chessboard pattern).
For ead rectanglek in the pattern, the program nds the measuremets for which the
stellar position (x; ;y; ) falls inside the rectangle. The averageresidual for that rectangleis
then calculated as

2 3 2 3

X : X

h’|k =4 rij :%5 4 1:@?5; (32)
(xij syij )2k (xij syij )2k
with formal random error 2 3
1=2
_ X
hriy = 4 1=€5 (33)
(xij 5yij )2k

The residual image s valuable for visual inspection.? If the eye can detect low-frequency
structure in the residualimage,then it is likely that the set of adopted basisfunctions was
not generalenoughto capture the full low-frequencycortent of the true L- at.

4. Applications
4.1. Articial Data

The most accurateway to test a newly deweloped algorithm is to run it on arti cially
generateddata. Sincethe model from which the data are generatedis fully specied in
advance,one can chedk how well the algorithm recoversthe known solution.

Arti cial data are generatedto loosely resenble the data actually obtained for
ACS/HRC shortly after launch (e.g., Mack et al. 2002b). Howewer, no attempt is made

2Residual imagescan also be usedto actually solve the matrix problem through the procedureknown as
\xed point iteration". For this one starts with a trial guessfor the L-at (e.g., zero). One then calculates
the residual image. Subsequetly, one updates the trial guessfor the L-at by adding the residual image
(or a fraction thereof, for improved numerical stability). This procedureis then iterated. Convergenceis
reached when the residual image is numerically consistert with zero. By de nition, this implies that the
best L- at solution has been found. The disadvantages of such a procedure are that it need not always
convergeasplanned, and that it generatesno formal error estimate. However, it is possiblethat the solution
of the problem could actually be found quicker by iteration than by solving matrix equations. | didn't
investigate implementation of an iterative schemein the presen context, but this may be worth considering
if computational speed becomesthe primary consideration for real applications. Iterativ e procedureshave
already beenusedsuccessfullyfor the determination of at elds in spectroscopicapplications (e.g., Gilliland
1998, and referencestherein).
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to mimic the actual properties of ACS or the astrophysical properties of a realistic stellar

are drawn randomly for T = 2500stars, using the magnitude range 16{21 and a luminosity
function N(m) dm/ 10 93" dm. Each star i is placedat a position (Xi1;Yi1), with eadh
coordinate drawn at random from the range[ 30Q 1324].If the coordinatesare both in the
range [1; 1024],then this is interpreted to meanthat the star falls on the detector in the
rst of a seriesof pointings. It is assumedthat obsenations are performedat 8 additional
pointings, stepped by either 150 or 300 pixels in the direction of position angles45 , 135,
225, and 315, measuredwith respect to the detector X-axis. This implies for the position
of a star in eat obsenation:

Xik = X1+ ( 1)'(15Ch=p 2); Vic = Vi1 + ( 1)"‘(15Ch=p 2); (k=2:::;9); (34)

where
k=1+1+2m+ 4n; (Il=%2 ; m=12 and n=12): (35)

The photometric random error g; for obsenation j of star i is speci ed to be
g = 0:005 1@&mi 19): (36)

This rangesfrom 0:005magat m = 16 to 0:05 mag at m = 21. Magnitude measuremets
for the obsenations are assignedaccordingto the prescription

g = m; + G(ej ) + R(Xi; Vi) (37)

where G(e; ) denotesa randomly drawn Gaussiandeviate from a distribution with mean
zeroand dispersione; . The function R(x; y) is the L- at, which | fairly arbitrarily take to
be

R(X;y) = 0:1P1(XxYP5(y)  0:1P,(x)Pa(y?: (38)

As before,the function P, is the Legendrepolynomial of order n and (x%y9 are the detector
coordinates (x; y) remapped to the interval ( 1;1) using equation (28). Becauseof the

orthogonality of the Legendrepolynomials (seeSection2.4), the L- at R(X;y) thus de ned
is normalizedto an averageof zero, asrequired by convention (equation [8]). The L-at is
showvn in Figure 1a. It uctuates between 0:200to +0:077 magnitudes. The arti cial data

obtain an estimate for R(x; y) of the form given by equation (5). This estimate can then
be comparedto the actual function R(x; y) in equation (38) that was usedto generatethe
data.



Fig. 1.| L-ats relatedto testswith arti cial data. (a; top left) Input model L- at usedto
generatethe arti cial data, given by equation (38). (b; top right) L- at calculatedfrom the
arti cial data usingthe di erential matrix method and Legendrepolynomial basisfunctions
up to order Z = 4 (RMS di erence with input model is 0:0020mag). (c; bottom left) L- at
calculated from the arti cial data using the di erential matrix method and 32 32 chess
board basisfunctions (RMS di erence with input model is 0:0145mag). (d; bottom right)
result of smaoothing panel (c) with a Gaussianwith dispersionequalto the sizeof one basis
function square (RMS di erence with input model is 0:0055 mag). The color sthemeis
identical for all panels,and rangesfrom black ( 0:15 mag) to white (+0:075mag). This
gure is bestviewed or printed in color.

A simple consistencyched is obtained by running the direct matrix method on the
arti cial data with either polynomial or chessboard basisfunctions with Z = O or W = 1,
respectively. Giventhe de nitions in Section2.4this implies that there is only a singlebasis
function that is equalto unity over the detector. The normalization constrairt given by
equation (8) then implies that the best-t L- at isidentical to zero,i.e., noL- at isinvoked
at all. The best-tting stellar magnitudesm; and their errors m;, as obtained from the
direct matrix method, should then be idenrtical to the weighted averagesof the obsenations
for eadth star, given by equations(2) and (3). It wasveri ed that this is indeedthe caseto
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high accuracy

A more sophisticatedtest is to try to recover the L- at from the arti cial data. First,
Legendrepolynomial basisfunctions up to order Z = 4 were used. For the direct method,
the matrix sizewas7925 1356and the program took 3 hoursand 15 minutesto complete
its calculationson an Ultra 60 workstation with a 450 MHz processor(all computing speeds
guoted hereafterrefer to this hardware setup). For the di erential method, the matrix size
was6594 25, and the programtook only 2 minutesto completeits calculations. The result
of the di erential method is shavn in Figure 1b. The result of the direct method looks the
same,and is not shavn. Both results are visually indistinguishable from the input imagein
Figure lathat wasusedto createthe arti cial data. The RMS di erence betweenthe input
imageand the results of the matrix solutionsare 0:0013mag and 0:0020mag, for the direct
and di erential methods respectively. The direct matrix method therefore provides the
slightly more accuratesolution, as expectedon the basisof the argumeris preserted at the
end of Section2.3. Howewer, the di erence is negligible from an astrophysical viewpoint.
At the level of a milli-mag many other e ects are likely to dominate the error budget of a
real obsenation. For both solutionsthe averageformal error in the L- at is 0:0014mag. So
for the direct matrix method the formal error providesa good estimate of the actual RMS
accuracyof the solution. For the di erential matrix method the actual RMS accuracyof
the solution exceedshe averageformal error by  50%. With the Legendrepolynomial
basisfunctions it is generally found that the data constrain the L- at least accurately
near the boundariesand cornersof the detector. This is where the di erences between
the input image and the results of the matrix solutions, as well as the formal errorsin the
matrix solutions, tend to have their maximum values. The direct matrix method yields
a best t that reproducesthe data with 2 = 66027 for Ny = 6569degreesof freedom.
The di erential matrix method yields a best t with 2 = 66175. One expects 2 to be
equalto Ng to within 2Ng = 1146 at 68.3%con dence. Hence,both 2 valuesare
statistically acceptable. This is expected, given that the arti cial data were generated
with uncorrelated Gaussianrandom errors, using an L- at that can be exactly reproduced
with the adopted basisfunctions. The milli-mag level accuracyobtained with thesetests
is a measureonly of the random errors in the results. In an actual application the errors
will probably be dominated by systematic errors, which are more di cult to quartify (see
Section4.2 for discussionof an examplecase).

An additional test of the solutions obtained with the Legendrepolynomial basis
functions is obtained from inspection of the expansioncoe cien ts. Let ay be the coe cien t
of Po(x9P: (y9 in the expansion. The input R(x;y) is then characterizedby a;3 = 01,
a4 = 01 and ag = O for all other g;r conbinations. The coe cien ts in the solution of
the direct matrix method are: 4;3 = 0:1014 0:0012and 4,4, = 0:1010 0:0019. The
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remaining coe cien ts have averageand RMS spreadé, = 0:0001 0:0012,with an
averageformal error of 0:0012. The coe cien ts in the solution of the di erential matrix
method are: &4;3 = 0:1023 0:0013and &, = 0:1029 0:0020. The remaining coe cien ts
have averageand RMS spreadé, = 0:0001 0:0018,with an averageformal error of
0:0013. Again, the direct matrix method providesthe slightly more accuratesolution.

As another test, the chessboard basisfunctions with W = 32 (a 32 32 subdivision of
the detector area) were usedto analyzethe samearti cial data. For the direct method, the
matrix sizewas7925 2355,and the programtook 11 hoursand 16 minutesto completeits
calculations. For the di erential method, the matrix sizewas6594 1024,and the program
took 1 hour and 39 minutes to completeits calculations. The result of the di erential
method is shavn in Figure 1c. The result of the direct method looks the same,and is not
shown. Both results capture the essencef the input imageshown in Figure 1a, apart from
noiseand the obvious \pixelization" of the results. The RMS di erence betweenthe input
imageand the results of the matrix solutionsare 0:0120mag and 0:0145mag, for the direct
and di erential methods respectively. The averageformal errorsin the L- ats are 0:0107
mag and 0:0122mag, respectively. The averageformal errors therefore provide a reasonable
estimate of the RMS accuracyof the solution. The direct method is slightly more accurate
than the di erential method, aswasthe casewith the Legendrepolynomial basisfunctions.
With the chessboard basisfunctions it is generally found that the di erences betweenthe
input image and the results of the matrix solutions, as well as the formal errorsin the
matrix solutions, do not tend to have any particular spatial pattern. On average,the results
are equally accurateanywhereon the detector. This is di erent than for results obtained for
the Legendrepolynomial basisfunctions, which tend to be least accuratenear the detector
boundariesand corners. The direct matrix method yieldsa best t that reproducesthe data
with 2= 57231 for Ny = 5570degreesf freedom. The di erential matrix method yields
abest t with 2= 62292. In both caseshis is larger than what would be expectedat 1
signi cance. This primarily indicates that the smooth input L- at model (equation [38])
cannot be exactly reproducedby the adopted pixelized basisfunctions.

The accuracyof the results obtained with the chessboard basisfunctions can be
improved signi cantly through application of additional smaothing with a two-dimensional
Gaussian.The optimum amourt of smaothing dependson the frequencycorntent of the true
L- at, which in practiceis not known. Howewer, for the tests preserted hereit is found that
the optimum smaothing is obtained by choosingthe Gaussiandispersionequalto the sizeof
a singlebasisfunction square. Figure 1d shows the result of applying this to Figure 1c. The
RMS di erence betweenthe resulting L- at and the input L- at model is now only 0:0055
mag, comparedto 0:0145mag for the solution of the di erential matrix method without
any smaoothing. Larger Gaussiandispersionsgive an even smoother L- at. Howewer, this
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also smaothes away intermediate-frequencystructure that is actually presen in the input
L- at model. For example,using Gaussiansmaothing with a dispersionequalto twice the
sizeof a basisfunction squareincreaseshe RMS to 0:0080mag. Note that any amourt of
smaoothing increaseshe 2 of the t becauseit reducesthe ability of the model to t the
noisein the data. To make 2 usefulfor assessinghe optimum tradeo between tting the
data and producing an \acceptably smaoth" solution one would needto add regularization
terms to the de nition of 2 (e.g., Presset al. 1992). This addsgreatly to the complexity of
the problem, and even if one doesthis, it is not straightforward to determinethe optimum
amourt of regularization. | have therefore not exploredthis. This leavesopen the question
of how to determine the optimum amourt of smaothing for real applications. This will
depend on both the quality and quartit y of the available data, and on the properties of the
L- at. This issuedesenesfurther attention whenthe method is applied to real calibration
data.

Overall, the tests with arti cial data indicate that the algorithm and software work
very well. The two di erent matrix methods produce results that are indistinguishable
at astrophysically interesting levels. Howewer, the di erential matrix method is much
faster, and is thereforeto be preferredfor real applications. It allows the use of more
basisfunctions and more data to constrain the solution. The L- ats can be determined
with very small random errors. Systematicerrors are thereforelikely to dominate the true
error budget for realistic applications. The dominart error is the accuracywith which the
basisfunctions can reproduce the actual L- at. Polynomials have the disadvantage of not
being able to reproduce intermediate-frequencycortent very well. This can be remediedby
going to high polynomial orders,but then the solution can becomeinaccurate towards the
detectorsboundariesand corners. The chessboard basisfunctions do not su er from these
shortcomings. The most generalapproadt for real applications might therefore be to use
the chessboard basisfunctions, followed by smaothing of the solution.

4.2. Real Data

In Mack et al. (2002b) an analysiswas presened of ACS/WFC data of the globular
cluster 47 Tuc. Aperture photometry was performed on the pydrizzled data products
from the ACS pipeline. Theseincluded at- elding with ground-basedcalibration ats,
and full correction for geometricdistortion. An aperture radius of 5 pixels was used, with
no spatially variable aperture corrections. Jennifer Mack provided the photometry thus
obtained, which | analyzedusing the direct matrix method. The di erential matrix method
had not yet beenimplemented at that time. Legendrepolynomial basis functions were
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Fig. 2.| ResidualL-at for Iter F606W on ACS/WFC with respect to ground-based
calibration ats, inferred from photometry of the globular cluster 47 Tuc. (a; top left) Result
preserted in Mack et al. (2002b), obtained with the direct matrix method and Legendre
polynomial basisfunctions up to order Z = 4. This L- at wasimplemened into the ACS
pipeline in late 2002, after smaothing away the discortinuity at the interchip boundary. (b;
top middle) L- at obtainedwith the di erential matrix method and the samebasisfunctions.
(c; top right) Map of the averageresidualsin the stellar photometry after correction for the
L-at in panel (b). (d; bottom left) L- at obtained with the dierential matrix method
and 32 32 chessboard basisfunctions. (e; bottom middle) result of smaothing panel (d)
with a Gaussianwith dispersion equal to the size of one basisfunction square. (f; bottom
right) Map of the averageresidualsin the stellar photometry after correction for the L- at
in panel (d). Comparisonof the residualimagesin panels(c) and (f) shows that the chess
board basis functions provide a lessbiased estimate of the true L- at. This gure is best
viewed or printed in color. The color schemefor the L- at image panelsrangesfrom black
( 0:075mag) to white (+0:025mag). The color schemefor the residualimage panelsruns
through the following colors: green( 0:010 mag), yellow ( 0:005 mag), red (0:000 mag),
pink (+0:005mag) and white (+0:010mag).
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usedup to order Z = 4. Computational restrictions limited the application of the method
to no more than  1500stars per matrix solution. By cortrast, the number of stars for
which data was available was generallyin the range 5000{10000 The data were therefore
divided by stellar brightnessinto 3{6 subsetswhich were analyzedseparately eat yielding
a matrix sizeof 8000 1500.The L-ats inferred from the di erent subsetsof the data
were then averagedtogether, weighted with the formal errors. In total, the computations
took some 16 hours per lter. Stars for which one or more of the measuremets were
potentially suspect were excludedfrom the t. In practice this wasdoneif the RMS scatter
betweenthe di erent measuremets for a star exceededhe larger of 3hel; and 0.05mag,
where hei; is the averageof the formal errors e; in the measuremets for a given star i.
Stars were also excludedif lessthan three measuremets were available. A more robust
rejection schemewould be to iterate the matrix method, rejecting at ead iteration those
measuremets for which the magnitude residualr;; (equation [30]) exceedssomethreshold
(e.g., 3ej). However, this is computationally much more expensiwe (becausethe matrix
equation must be solved multiple times).

As an exampleof the results, the left panel of Figure 2a shaws the resulting L- at
(measuredwith respect to the ground-basedcalibration at) for the F606W lter (same
as Figure 3c of Mack et al. 2002b). This took some16 hours to calculate. There is a
minor discortinuity at the interchip boundary. In Mack et al. (2002b) we smaothed out
this discortinuity beforedelivery to the pipeline. This seemgeasonable although it is not
a priori clearthat the L- at should actually be cortinuousat the boundary. The CCDs
were cut from the samewafer, but the physical origin of the L- at structures hasnot been
established. Another method to enforcesmaothnessacrossthe boundary is not to use
separatebasisfunctions for the two CCDs in the matrix method. | have not exploredthis,
but this should be trivial to implemert in the software.

The di erential matrix method is now available as an alternative approat. All data
canthen be analyzedin a singlerun. The matrix sizeis 26631 50 and the result is obtained
in only 2 minutes. Figure 2b showvs the L- at thus calculated. It is very similar to the result
obtained with the direct matrix method. The RMS betweenthe L- ats is only 0:0014mag.
This is a factor two larger than the averagequadrature sum of the formal errors in the
L- ats, which is 0:0007mag. The largestdi erences (0:016 mag) betweenthe results from
the two methods occur in a very narrow strip near the boundary betweenthe two CCDs.
This is alsowherethe formal errorsin eat L- at are largest (0:005 mag). This is similar
to what was seenin the tests with arti cial data, and underscoreghe general nding that
results obtained with the Legendrepolynomial basisfunctions are most poorly constrained
near the detector boundaries. The residualimageof the t is showvn in Figure 2c. It reveals
two problems. First, there are large residuals(up to 0:013 mag) at the boundary between
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the two detectors. This indicates that the strength of the discortinuity at the interchip
boundary inferred by the method is not real. Second,a coheren ring-like structure is
presert in the residualimageat a level of 0:006 mag. Both problemsindicate low-level
limitations of the adopted fourth-order Legendrepolynomial basisfunction set. An analysis
of sky ats (Pavlovsky et al., in progress)shaws very similar residualsto those seenin
Figure 2c. This con rms the results from the stellar eld photometry and indicates that
the current pipeline L- ats are not yet optimal.

The improvemert in computational speedprovided by the di erential matrix method
now makesit possibleto use many more basisfunctions. With the 32 32 chessboard
basisthe matrix sizeis 26631 1024,and the program completesits calculationsin 6 hours
and 55 minutes. The result is shavn in Figure 2d. The correspnding residual image,
shown in Figure 2f, shavs no obvious structure. Figure 2e shows the result of smaothing
the L- at in Figure 2d with a Gaussianof dispersionequalto the sizeof one basisfunction
square(seediscussionin Section4.1). Due to the lack of structure in the residual image,
Figure 2eis likely to be a more accurateappraximation to the true L- at than the resultsin
Figures 2a,b obtained with the fourth-order Legendrepolynomial basisfunction set. This
interpretation is supported by comparisonof the RMS valuesof the residual images,which
are 0:0022mag for Figure 2f and 0:0030mag Figure 2c.

The L- at in Figure 2e has two main features. There is an appraximately linear
gradiert betweenthe top left and bottom right. In addition to that, there is an oval feature
left and upwards from the detector certer. Both featuresexist alsoin other ACS/WFC
calibration data. For example,the diagonal betweenthe top left and bottom right is the
direction along which the pixel areavariesmost strongly asa result of geometricdistortion.
The oval feature is seenalsoin ground-basedats and in maps of the detector thickness
(Krist 2003). The physical origin of the relations betweenthesefeaturesand those seenin
the (F606W) L- at remain asyet unclear.

Mack et al. (2002b) provided se\eral external tests of the accuracyof their results. This
included analysisof color magnitude diagramsof 47 Tuc and comparisonto preliminary sky
ats. This analysisindicated that the at eld results (now implemented in the pipeline)
should be accurateto  1%. On the other hand, subsequet tests shoved that there may
well be residual low-frequencyerrors at the 1% level (Ratnatunga, Mack, Pavlovsky,
priv. comm. 2003). This is con rmed by Figure 2c. Theseresidualscan probably be
calibrated using analysessud asthose shown in Figures2d{f. An important questionthat
remainsto be addresseds the importance of spatially dependert aperture corrections. In
Mack et al. (2002b)we did a test for one lter by analyzing datasetsobtained with either a
5 or 7 pixel radius aperture. The inferred L- ats were found to agreeto 0:0015mag RMS.
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This was taken as evidencethat the in uence of spatially dependert aperture corrections
must be small. On the other hand, subsequetnwork (Krist 2003;Riess2003) hasindicated
that that there are in fact spatial dependenciesn the aperture corrections(belov 1% for
a 5 pixel radius aperture). Thesecould a ect the L- at results at a low level. All of this
indicatesthat it will be worthwhile to revisit the L- ats currently in the ACS pipeline. The
new methods preserted and tested herewill allow an in-depth analysisof this issue,which
will be the topic of a future ISR.

| would like to thank Jennifer Mack for providing real-life data with which the
techniquesdescrited here could be tested and optimized, and the members of the ACS
photometric calibration working group for helpful feedba& and advice. Jennifer Mack, Ron
Gilliland and Ralph Bohlin kindly provided commers on an earlier draft of this ISR.
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