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Abstract
The low-frequencycontent of ACS 
at �elds cannot be accurately determined from
ground-basedcalibration data or internal lamp exposures.It must thereforebe determined
from on-orbit sciencedata. Photometry of a stellar �eld that is imagedmultiple times with
di�eren t pointing or roll is ideal for this purpose. I describe a mathematical algorithm to
usesuch data to determine the residual low-frequency
at-�eld structure (L-
at). The
L-
at is expandedasa linear sumof two-dimensionalbasisfunctions. Magnitude di�erences
betweenmeasurements for the samestar at di�eren t positions on the detector constrain the
coe�cien ts of the linear sum. This reducesmathematically to an over-determinedlinear
least-squaresproblem that can be solved through singular-value decomposition. This yields
both the best-�tting L-
at and its formal error. A numerical FORTRAN implementation
of the algorithm is presented and its accuracyveri�ed using tests with arti�cially generated
data sets. The software was usedby Mack et al. (ACS ISR 02-08) to analyzeearly ACS
WFC and HRC data of the globular cluster 47 Tuc. The inferred fourth-order polynomial
L-
at corrections to the ground-basedcalibration 
ats were implemented in the ACS
pipeline in late 2002. It is shown that newly implemented featuresin the software should
allow further improvements in theseL-
ats. The methods presented here are generally
applicable to other imaging instruments, and are not restricted to useon ACS data.

1Copyright c
 2003The Association of Universities for Research in Astronomy, Inc. All Rights Reserved.
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1. In tro duction

Before the launch of ACS a signi�cant amount of e�ort was spent to obtain
laboratory 
at �elds. Longward of its � 3500�A optical cuto�, the Refractive Aberrated
Simulator/Hubble Opto-Mechanical-Simulator (RAS/HOMS) was usedin 2001February-
March with a continuum light sourceto produce 
at �elds which include both the low
frequencyL-
at and the high frequencypixel-to-pixel P-
at structure (Bohlin, Hartig &
Martel 2001). The hope was that theseLP-
ats could be usedfor accuratecalibration
of on-orbit data. However, early SMOV data, both of individual spectro-photometric
standards and stellar �elds, suggestedthe presenceof residual low-frequency
at-�eld
structure, even after full pipeline calibration with the laboratory 
ats and correction for
geometricdistortion using Pydrizzle (as described in the ACS Data Handbook; Mack et
al. 2002a).

There are two obvious approachesto quantify and correct for residual L-
at structure.
The �rst approach is to usedeepimagesof \empt y" sky �elds. After full reduction such
imagesought to be 
at. Any deviations from 
atness can be useddirectly to improve the
pipeline 
at �elds. The secondapproach is to usepoint-sourcephotometry, as described
below. I focus here on the latter approach, in part becauseearly in the ACS mission
point-sourcephotometry of well-chosenstellar �elds is more readily available in di�eren t
�lters than deepsky observations. Nonetheless,it is de�nitely important to alsoconstruct
sky-
ats in as many �lters as possible,and to check for consistencywith the results derived
from point-sourcephotometry. Such e�orts are currently in progress.

ResidualL-
at structure causesstars in fully reducedimagesto have slightly di�eren t
magnitudeswhen placedat di�eren t positions on the detector. I describe mathematically
how this information can be usedto determine the positional dependenceof the residual
L-
at structure. A FORTRAN implementation of the method is presented, and the software
is tested on arti�cially generateddata sets to demonstrateits accuracyand e�ectiv eness.
The application to real data and the creation of 
at �elds for usein the ACS pipeline was
described previously in a separateISR (Mack et al. 2002b). I describe newly implemented
featuresof the software which should allow further re�nements of the pipeline 
ats.

A post-hoc investigation into the scarceliterature on this subject showed that the basic
ideasunderlying the discussionpresented herewere described previously in the context of
other instruments or observational scenarios(Green�eld 1994;Manfroid 1995,1996;Wild
1997;Manfroid, Selman& Jones2001). The present paper adds to this existing body of
work by providing a detailed description of the underlying mathematicsand implied error
analysis,a software implementation that is tested on arti�cial data to assessthe accuracy
of the method and the reliabilit y of the error estimates,and a description of practical
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applications to ACS data.

2. Mathematical Description

2.1. Problem Statemen t

Considera star i , with unknown magnitude mi . Here and henceforth,all magnitudes
are assumedto be calibrated to somearbitrary photometric system. The star is observed
N i � 2 times. The telescope pointing is dithered or rotated betweenobservations, sothat in
each observation the star falls on a di�eren t position (x ij ; yij ) of a two-dimensionaldetector,
where j = 1; : : : ; N i . For each pointing, aperture photometry is performed on the fully
reduceddata. This yields observed stellar magnitudesoij with formal random errors eij . If
a stellar �eld is observed, then thesemeasurements are available for many di�eren t stars,
i = 1; : : : ; S.

If the data were properly 
at �elded, then each oij is an unbiasedestimate of the
unknown magnitude mi . Thus:

mi = oij � eij ; (i = 1; : : : ; S and j = 1; : : : ; N i ): (1)

For each star, the optimal estimate of mi is then simply the weighted averageof the
measurements,

mi =

2

4
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ij

3

5
.

2

4
N iX

j =1

1=e2
ij

3

5 ; (i = 1; : : : ; S); (2)

with formal random error on the weighted average
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� 1=2

; (i = 1; : : : ; S): (3)

By contrast, if the data were not properly 
at �elded, then equation (1) acquiresan
additional term that dependson the position on the chip:

mi + R(x ij ; yij ) = oij � eij ; (i = 1; : : : ; S and j = 1; : : : ; N i ): (4)

The unknown function R(x; y) enters into equation (4) in an additive sensebecause
at
�elding is a multiplicativ eoperation whereasthe magnitude scaleis a logarithmic one. This
is why stellar brightnessesin this context are best expressedin magnitudes,rather than
intensities (counts) or 
uxes (counts/sec). It yields a problem that is mathematically more
easily tractable. If it is assumedthat the 
at �eld that was applied in the data reduction
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is incorrect only in terms of its low-frequencycontent, then it makessenseto expand the
function R(x; y) into a linear sum of K two-dimensionalbasisfunctions Rk (x; y):

R(x; y) =
KX

k=1

akRk (x; y); (k = 1; : : : ; K ): (5)

The basis functions are assumedto be known, and can be chosento be polynomials or
any other convenient functional form (seeSection2.4 below). The function R(x; y) will
henceforthbe referred to as the L-
at . It is expressedin magnitudes. (Nothing speci�c
is assumedabout the frequencycontent of the L-
at, so in principle, by using a very
large number of basisfunctions, the algorithm can determine variations at any arbitrary
frequency.) The L-
at, as de�ned here,doesnot describe a property of the actual 
at �eld.
Instead, it measuresthe residual structure with respect to the pipeline 
at �eld that was
usedto calibrate the data.

The coe�cien ts ak that characterizethe L-
at remain to be determined. Substitution
of equation (5) into equation (4) yields

mi +
KX

k=1

akr ij k = oij � eij ; (i = 1; : : : ; S and j = 1; : : : ; N i ); (6)

wherethe scalarsr ij k are de�ned as

r ij k � Rk (x ij ; yij ); (i = 1; : : : ; S ; j = 1; : : : ; N i and k = 1; : : : ; K ): (7)

The data can only determine the L-
at R(x; y) up to an arbitrary additive constant. The
choiceof the constant (i.e., the normalization of the 
at �eld) is up to the user, although
with any given choice the zeropoint of the photometric magnitude systembecomes�xed.
Without lossof generality, it is imposedherethat the function R(x; y) averagesto zeroover
the detector, to within an accuracy� :

1
P

PX

p=1

R(xp; yp) =
KX

k=1

ak

2

4 1
P

PX

p=1

Rk (xp; yp)

3

5 = 0 � �: (8)

The P points (xp; yp) are chosento uniformly samplethe detector (e.g., all the pixels on the
detector, or a subsampledsubsetof them). The accuracy� can in theory be set to zero,but
for numerical reasonsit is convenient to usea small but non-zeronumber, e.g., � = 10� 6.

2.2. Problem Solution

Division of equations(6) and (8) by their respective errors yields

(1=eij )mi +
KX

k=1

ak(r ij k=eij ) = (oij =eij ); (i = 1; : : : ; S and j = 1; : : : ; N i ); (9)
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and
KX

k=1

ak

2

4 1
P�

PX

p=1

Rk (xp; yp)

3

5 = 0; (10)

with a formal random error of unity for each equation, and for all i and j . This set of
equationscan be written as a linear matrix equation,

A ~x = ~b: (11)

The column vector ~x contains the unknowns. It is de�ned as

~x � (m1; : : : ; mS; a1; : : : ; aK ) (12)

and has dimension L � S + K . The column vector ~b contains the constraints (the
observablesand the adoptednormalization), and is de�ned as

~b � (o11=e11; o12=e12; : : : ; oSNS =eSNS ; 0): (13)

It hasdimension

M �

 SX

i =1

N i

!

+ 1: (14)

If the number of measurements N i is the samefor each star, N i = N , then M = N S + 1.
The matrix A has M rows and L columns. The number of unknowns L is typically
much smaller than the number of constraints M and the matrix equation (11) is therefore
over-determined. The coe�cien ts of the matrix follow from equations(9){(13). Many of
the coe�cien ts are zero,and the matrix is thereforesparse.

The formal random errors in equations (6) and (8) are uncorrelated and are
approximately normally distributed. The maximum likelihood �t for the unknown
quantities in the vector ~x is thereforethe combination that minimizes the � 2 quantit y

� 2 = jjA ~x � ~bjj ; (15)

where the right hand side is the Euclidean norm of the vector A ~x � ~b in M -dimensional
vector space. The vector ~x that minimizes this norm is called the least-squaressolution
of the matrix equation (11). One way to �nd the least-squaressolution is to solve the
so-callednormal equations(A T A ~x = A T~b). However, it is numerically more robust to use
the singular value decomposition (SVD) of the matrix A (e.g., Presset al. 1992). Linear
algebraictheory shows that A canbe written asthe product of an M � L column-orthogonal
matrix U , an L � L diagonalmatrix W with positive or zeroelements, and the transposeof
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an L � L orthogonal matrix V . Many numerical routines exist to determinethesematrices.
Oncethey have beenfound, the elements x l of the solution vector follow from

x l =
MX

i =1

LX

j =1

Vlj Uij bi=Wj j ; (l = 1; : : : ; L): (16)

The variances(squaredformal errors) of the unknowns are

(� x l)2 =
LX

j =1

(Vlj =Wj j )2; (l = 1; : : : ; L); (17)

and the covariancesbetweenthe unknowns are

Cov(x l ; xk) =
LX

j =1

Vlj Vkj =W2
j j ; (l = 1; : : : ; L and k = 1; : : : ; L): (18)

Valuesof Wj j near zero identify singularities in the matrix problem (hencethe name
\singular value decomposition"). As discussedin Presset al. (1992), the appropriate thing
to do for such Wj j is to set 1=Wj j to zero in the above equations(not in�nit y!). In practice
onecan usethe criterion Wj j � � Wmax , e.g., with � = 10� 10, whereWmax is the maximum
of all the Wj j . This is equivalent to throwing away thoselinear combinations of constraints
that a�ect � 2 only at the level of the round-o� error.

The solution vector ~x contains the coe�cien ts ak (k = 1; : : : ; K ), which allows the
L-
at R(x; y) to be calculated at any position (x; y) using equation (5). The variance
(squaredformal error) of the L-
at at any position (x; y) follows upon application of the
standard formulae for error propagation:

[� R(x; y)]2 =
KX

i =1

KX

j =1

Ri (x; y)Rj (x; y)Cov(ai ; aj ): (19)

Theseerrors measureonly the propagated in
uence of the formal random errors eij in
the stellar magnitude measurements. The sameis true for the variancesand covariances
in equations(17) and (18). Of course,in real applications the quality of the solution is
often dominated by systematicerrors (e.g., the quality of the spatially dependent aperture
correctionsusedin the stellar magnitude determinations, or the quality with which the
basisfunctions can reproducethe true L-
at).

2.3. Alternativ e Approac h

The CPU requirements for �nding the least-squaressolution of a matrix problem scale
as L3, where L is the number of unknowns. It is therefore ine�cien t that equation (11)
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treats all the stellar magnitudesmi (i = 1; : : : ; S) as unknowns that must be solved for.
After all, our primary interest is only in the coe�cien ts ak (k = 1; : : : ; K ) that characterize
the L-
at. An alternative way to phrasethe problem is therefore to considerobserved
magnitude di�er ences as the fundamental constraints, and not the observed magnitudes
themselves. To this end one can take equation (6) and subtract for each star the �rst
measurement from all the other measurements. This yields:

KX

k=1

ak(r ij k � r i 1k) = dij � � ij ; (i = 1; : : : ; S and j = 2; : : : ; N i ); (20)

where

dij � oij � oi 1; � ij � (e2
ij + e2

1j )
1=2; (i = 1; : : : ; S and j = 2; : : : ; N i ): (21)

The errors eij and e1j add in quadrature to form � ij . Division of equation (20) by � ij yields

KX

k=1

ak[(r ij k � r i 1k)=� ij ] = (dij =� ij ); (i = 1; : : : ; S and j = 2; : : : ; N i ); (22)

with a formal random error equal to unity for all i and j . This set of equations,combined
with the equation (10) that sets the 
at-�eld normalization, yields another linear matrix
equation:

B~y = ~c: (23)

The unknowns are now contained in the column vector ~y. It is de�ned as

~y � (a1; : : : ; aK ) (24)

and hasdimensionK . The column vector ~c contains the constraints and is de�ned as

~c � (d12=�12; d13=�13; : : : ; dSNS =�SNS ; 0): (25)

It has dimensionM � S. If the number of measurements N i is the samefor each star,
N i = N , then M = (N � 1)S. The matrix B hasM � S rows and K columns. The number
of unknowns K is typically much smaller than the number of constraints M � S and the
matrix equation (23) is therefore over-determined. The coe�cien ts of the matrix follow
from equations(10) and (22){(25). The matrix B is not sparsebecausenoneof its elements
are necessarilyzero.

The least-squaressolution of the matrix equation(11) canbe obtained through singular
value decomposition in exactly the sameway as described in Section2.2. This yields the
coe�cien ts ak (k = 1; : : : ; K ) and their covariances.With equations(5) and (19) theseyield



{ 8 {

the L-
at and its formal error for any position (x; y). The stellar magnitudesm i are not
obtained directly from the solution of the matrix equation. However, they can be estimated
by correcting the observed magnitudesoij for the L-
at using equation (6), and taking the
weighted averageof the results:

mi =

2

4
N iX

j =1

"

oij �
KX

k=1

akr ij k

#
.

e2
ij

3

5
.

2

4
N iX

j =1

1=e2
ij

3

5 ; (i = 1; : : : ; S): (26)

The errors in the L-
at are generally much smaller than the errors in the individual
stellar magnitudesfrom which it was estimated. The formal error � m i can therefore be
approximated by equation (3), which assumesthat errors in the L-
at determination can
be neglected.

Henceforth, the approach basedon equation (11) is referred to as the direct matrix
method; the approach basedon equation (23) is referred to as the di�eren tial matrix
method. The di�eren tial matrix method has someminor drawbacks from a mathematical
viewpoint. The di�eren t observations for a star are not treated symmetrically. The �rst
observation hasa special placeand is usedasa referenceto comparethe other observations
to. If the �rst observation has a large error ei 1 then this propagatesinto all constraints
through the de�nition of � ij . To avoid this, it is best to reorder the measurements for each
star, without loss of generality, such that the �rst one has the smallest error: ei 1 � eij

(j = 2; : : : ; N i ).1 An addedcomplication from the special treatment of the �rst observation
is that the errors in the di�eren t constraints for a given star in equation (20) ceaseto be
uncorrelated. As a result, the least-squaressolution of the matrix equation B~y = ~c is not
mathematically equivalent to the maximum likelihood solution. However, it should be very
close.Measurements for di�eren t starscontinue to have uncorrelatederrors,and the number
of di�eren t stars S is generallymuch larger than the number of di�eren t observations per
star N i . So the direct method is mathematically slightly more robust, but the di�eren tial
method is much quicker to solve due to its lower dimensionality.

1Insteadof subtracting the observation with the smallestformal error, onecould alsosubtract the weighted
averagemagnitude of the observations, as given by equation (2). This would have the advantage of treating
all observations symmetrically. This was not explored further, given that the method described in the text
already seemsto work well enough(seeSection 4).
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2.4. Choice of Basis Functions

To approximate the L-
at with a two-dimensionalpolynomial of order Z I use
two-dimensionalbasisfunctions Rk (k = 1; : : : ; K ) of the form:

Rk(x; y) = Pq(x0)Pr (y0); k = q(Z + 1) + r + 1; (q = 0; : : : ; Z and r = 0; : : : ; Z ):
(27)

The total number of basis functions is K = (Z + 1)2. The function Pn is the Legendre
polynomial of order n. The quantities (x0; y0) are obtained from the detector coordinates
(x; y) upon remappingto the interval (� 1; 1) using the equations

x0 � (2x=X ) � 1; y0 � (2y=Y) � 1; (28)

where X � Y is the sizeof the detector. With this choiceof basis functions, the L-
at
R(x; y) given by equation (5) becomesan arbitrary polynomial composedof terms of the
forms xqyr with both q and r non-negative and � Z . One could also useRk (x; y) = xqyr

as basis functions to describe the samefunction space,but the Legendrepolynomials
are numerically to be preferreddue to their functional orthogonality. This orthogonality
implies that all basis functions averageto zero over the detector, with the exception of
R1(x; y) = P0(x0)P0(y0) = 1. The normalization constraint given by equation (8) therefore
forcesa1 = 0 in the expansionof the L-
at (equation [5]) and hasno e�ect on the other ak

(k = 2; : : : ; K ).

A disadvantage of polynomials is that they cannot describe L-
at variations on
intermediate frequenciesunlessonegoes to fairly high ordersZ . However, polynomial �ts
with high orders can have disadvantagessuch as unphysically large excursionsnear the
detector edges.Other setsof basisfunctions are thereforeworth exploring. One alternative
basisset has the form

Rk(x; y) =

(
1; if (x; y) in rectanglek ;
0; otherwise.

(29)

Here the detector area is divided into K � W 2 rectangles,equal to the total number of
basisfunctions. Each rectanglehassize[X=W ] � [Y=W]. For a squaredetector with W = 8
this resembles a chessboard. I will therefore refer to equation (29) as the \chessboard
basisfunctions". With this basisset, the L-
at R(x; y) given by equation (5) becomesan
arbitrary function on a \pixelized" versionof the detector space(seeFigure 1c below for an
example).
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3. Soft ware Implemen tation

The algorithms were implemented into a FORTRAN program. On input, the program
readsan ASCII �le with stellar IDs, positionson the detector, and magnitudemeasurements
and errors. Very small magnitude errors may not be realistic, and there is the option to
add a systematic error 
o or in quadrature to all the photometric errors. Either all stars
can be usedin the analysis,or a subsetcan be chosen. Subsetscan be selectedrandomly,
or on the basisof stellar magnitude (e.g., only stars with averageobserved magnitude in
a certain magnitude range) or ID number. Stars can also be removed from the sample,
for example if the spreadin the observed magnitudesis suspiciouslylarge (indicating a
potential problem with one of the measurements, or an intrinsically variable star). The
user can selectwith which algorithm to solve the problem (equation [11] or [23]), and
what maximum order and type of basisfunctions to use. For polynomial basisfunctions
on WFC, separatebasis functions are usedfor both CCDs (i.e., the basis functions are
de�ned to be zero outside the area of the CCD to which they apply). There are usually
stars that have beenobserved on both CCDs, so the relative magnitude o�set betweenthe
L-
ats for the two CCDs is constrainedby the data. For the chessboard basisfunctions
on WFC, the camerais treated as a singlesquaredetector (the subdivision of the detector
area into disjunct rectanglesautomatically causesthe two CCDs to be treated as separate
entities). The program calculatesthe relevant matrices and vectors. The singular value
decomposition of the matrix is performed using the subroutine svdcmpfrom Numerical
Recipes (Presset al. 1992). Once the solution has beenfound, the residualsof the data
with respect to the model �t are calculated:

r ij = oij �

 

mi +
KX

k=1

akr ij k

!

; (i = 1; : : : ; S and j = 1; : : : ; N i ): (30)

The error in the residual is simply the error in the measurement, eij . The � 2 of the �t to
the data is therefore

� 2 =
SX

i =1

N iX

j =1

(r ij =eij )2: (31)

This canbe comparedto the number of degreesof freedomof the problem, Ndf , which is the
number of constraints minus the number of unknowns. For an excellent �t oneexpects � 2

to be in the rangeNdf �
p

2Ndf . If � 2 > Ndf , then this may indicate that the errors in the
data were underestimated(or alternatively, that the adopted set of basisfunctions cannot
adequatelyreproduce the true L-
at structure). In view of this, the program o�ers the
option to rescaleall the errors by

q
� 2=Ndf . The L-
at determinedby the program, as well

as its formal error, are written to output imagesin the native IRAF format. There is an
option to subsamplethe output imagesto minimize demandson memory and input/output.
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The program also calculatesand writes a residual image,as well as its formal error. For
this, the userspeci�es a subdivision of the detector areainto a chessboard pattern (with no
logical connectionto the basisfunctions, which might alsorepresent a chessboard pattern).
For each rectanglek in the pattern, the program �nds the measurements for which the
stellar position (x ij ; yij ) falls inside the rectangle. The averageresidual for that rectangleis
then calculatedas

hr i k =

2

4
X

(x ij ;yij )2 k

r ij =e2
ij

3

5
.

2

4
X

(x ij ;yij )2 k

1=e2
ij

3

5 ; (32)

with formal random error

� hr i k =

2

4
X

(x ij ;yij )2 k

1=e2
ij

3

5

� 1=2

: (33)

The residual image is valuable for visual inspection.2 If the eye can detect low-frequency
structure in the residual image, then it is likely that the set of adoptedbasisfunctions was
not generalenoughto capture the full low-frequencycontent of the true L-
at.

4. Applications

4.1. Arti�cial Data

The most accurateway to test a newly developed algorithm is to run it on arti�cially
generateddata. Sincethe model from which the data are generatedis fully speci�ed in
advance,onecan check how well the algorithm recovers the known solution.

Arti�cial data are generatedto loosely resemble the data actually obtained for
ACS/HRC shortly after launch (e.g., Mack et al. 2002b). However, no attempt is made

2Residual imagescan also be usedto actually solve the matrix problem through the procedureknown as
\�xed point iteration". For this one starts with a trial guessfor the L-
at (e.g., zero). One then calculates
the residual image. Subsequently , one updates the trial guessfor the L-
at by adding the residual image
(or a fraction thereof, for improved numerical stabilit y). This procedure is then iterated. Convergenceis
reached when the residual image is numerically consistent with zero. By de�nition, this implies that the
best L-
at solution has been found. The disadvantages of such a procedure are that it need not always
convergeasplanned, and that it generatesno formal error estimate. However, it is possiblethat the solution
of the problem could actually be found quicker by iteration than by solving matrix equations. I didn't
investigate implementation of an iterativ e schemein the present context, but this may be worth considering
if computational speed becomesthe primary consideration for real applications. Iterativ e procedureshave
already beenusedsuccessfullyfor the determination of 
at �elds in spectroscopicapplications (e.g., Gilliland
1998,and referencestherein).
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to mimic the actual properties of ACS or the astrophysical properties of a realistic stellar
�eld in detail. The detector size is X � Y = 1024� 1024. Magnitudes m i (i = 1; : : : ; T)
are drawn randomly for T = 2500stars, using the magnitude range16{21 and a luminosity
function N (m) dm / 10� 0:3m dm. Each star i is placedat a position (x i 1; yi 1), with each
coordinate drawn at random from the range[� 300; 1324]. If the coordinatesare both in the
range [1; 1024],then this is interpreted to mean that the star falls on the detector in the
�rst of a seriesof pointings. It is assumedthat observations are performedat 8 additional
pointings, stepped by either 150or 300pixels in the direction of position angles45� , 135� ,
225� , and 315� , measuredwith respect to the detector X-axis. This implies for the position
of a star in each observation:

x ik = x i 1 + (� 1)l (150n=
p

2); yik = yi 1 + (� 1)m (150n=
p

2); (k = 2; : : : ; 9); (34)

where
k = 1 + l + 2m + 4n; (l = 1; 2 ; m = 1; 2 and n = 1; 2): (35)

The photometric random error eij for observation j of star i is speci�ed to be

eij = 0:005� 100:2(m i � 16): (36)

This rangesfrom 0:005 mag at m = 16 to 0:05 mag at m = 21. Magnitude measurements
for the observations are assignedaccordingto the prescription

oij = mi + G(eij ) + R(x ij ; yij ); (37)

where G(eij ) denotesa randomly drawn Gaussiandeviate from a distribution with mean
zero and dispersioneij . The function R(x; y) is the L-
at, which I fairly arbitrarily take to
be

R(x; y) = 0:1P1(x0)P3(y0) � 0:1P2(x0)P4(y0): (38)

As before,the function Pn is the Legendrepolynomial of order n and (x0; y0) are the detector
coordinates (x; y) remapped to the interval (� 1; 1) using equation (28). Becauseof the
orthogonality of the Legendrepolynomials (seeSection2.4), the L-
at R(x; y) thus de�ned
is normalized to an averageof zero,as required by convention (equation [8]). The L-
at is
shown in Figure 1a. It 
uctuates between� 0:200to +0:077magnitudes. The arti�cial data
are characterizedby the valuesof oij , eij , x ij and yij . The combinations of i = 1; : : : ; T and
j = 1; : : : ; 9 for which (x ij ; yij ) doesnot fall on the detector areaare removed from the data
set. This leavesS = 1331stars for which 3 � N i � 9 arti�cial measurements are available
per star (i = 1; : : : ; S). The arti�cial data is analyzedwith the algorithms of Section2 to
obtain an estimate for R(x; y) of the form given by equation (5). This estimate can then
be comparedto the actual function R(x; y) in equation (38) that was usedto generatethe
data.
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Fig. 1.| L-
ats related to tests with arti�cial data. (a; top left) Input model L-
at usedto
generatethe arti�cial data, given by equation (38). (b; top right) L-
at calculated from the
arti�cial data using the di�eren tial matrix method and Legendrepolynomial basisfunctions
up to order Z = 4 (RMS di�erence with input model is 0:0020mag). (c; bottom left) L-
at
calculated from the arti�cial data using the di�eren tial matrix method and 32 � 32 chess
board basis functions (RMS di�erence with input model is 0:0145mag). (d; bottom right)
result of smoothing panel (c) with a Gaussianwith dispersionequal to the sizeof onebasis
function square (RMS di�erence with input model is 0:0055 mag). The color scheme is
identical for all panels,and rangesfrom black (� 0:15 mag) to white (+0 :075 mag). This
�gure is best viewed or printed in color.

A simple consistencycheck is obtained by running the direct matrix method on the
arti�cial data with either polynomial or chessboard basisfunctions with Z = 0 or W = 1,
respectively. Given the de�nitions in Section2.4 this implies that there is only a singlebasis
function that is equal to unity over the detector. The normalization constraint given by
equation (8) then implies that the best-�t L-
at is identical to zero,i.e., no L-
at is invoked
at all. The best-�tting stellar magnitudesmi and their errors � mi , as obtained from the
direct matrix method, should then be identical to the weighted averagesof the observations
for each star, given by equations(2) and (3). It was veri�ed that this is indeedthe caseto
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high accuracy.

A more sophisticatedtest is to try to recover the L-
at from the arti�cial data. First,
Legendrepolynomial basisfunctions up to order Z = 4 were used. For the direct method,
the matrix sizewas 7925� 1356and the program took 3 hours and 15 minutes to complete
its calculationson an Ultra 60 workstation with a 450MHz processor(all computing speeds
quoted hereafter refer to this hardware setup). For the di�eren tial method, the matrix size
was6594� 25, and the program took only 2 minutes to completeits calculations. The result
of the di�eren tial method is shown in Figure 1b. The result of the direct method looks the
same,and is not shown. Both results are visually indistinguishable from the input imagein
Figure 1a that wasusedto createthe arti�cial data. The RMS di�erence betweenthe input
imageand the results of the matrix solutionsare 0:0013mag and 0:0020mag, for the direct
and di�eren tial methods respectively. The direct matrix method therefore provides the
slightly more accuratesolution, as expectedon the basisof the arguments presented at the
end of Section2.3. However, the di�erence is negligible from an astrophysical viewpoint.
At the level of a milli-mag many other e�ects are likely to dominate the error budget of a
real observation. For both solutions the averageformal error in the L-
at is 0:0014mag. So
for the direct matrix method the formal error provides a good estimate of the actual RMS
accuracyof the solution. For the di�eren tial matrix method the actual RMS accuracyof
the solution exceedsthe averageformal error by � 50%. With the Legendrepolynomial
basis functions it is generally found that the data constrain the L-
at least accurately
near the boundariesand cornersof the detector. This is where the di�erences between
the input imageand the results of the matrix solutions, as well as the formal errors in the
matrix solutions, tend to have their maximum values. The direct matrix method yields
a best �t that reproducesthe data with � 2 = 6602:7 for Ndf = 6569degreesof freedom.
The di�eren tial matrix method yields a best �t with � 2 = 6617:5. One expects � 2 to be
equal to Ndf to within �

p
2Ndf = � 114:6 at 68.3%con�dence. Hence,both � 2 valuesare

statistically acceptable. This is expected, given that the arti�cial data were generated
with uncorrelatedGaussianrandom errors, using an L-
at that can be exactly reproduced
with the adopted basisfunctions. The milli-mag level accuracyobtained with thesetests
is a measureonly of the random errors in the results. In an actual application the errors
will probably be dominated by systematicerrors, which are more di�cult to quantify (see
Section4.2 for discussionof an examplecase).

An additional test of the solutions obtained with the Legendrepolynomial basis
functions is obtained from inspection of the expansioncoe�cien ts. Let aqr be the coe�cien t
of Pq(x0)Pr (y0) in the expansion. The input R(x; y) is then characterizedby a13 = 0:1,
a24 = � 0:1 and aqr = 0 for all other q; r combinations. The coe�cien ts in the solution of
the direct matrix method are: â13 = 0:1014� 0:0012and â24 = � 0:1010� 0:0019. The
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remaining coe�cien ts have averageand RMS spreadâqr = � 0:0001� 0:0012, with an
averageformal error of 0:0012. The coe�cien ts in the solution of the di�eren tial matrix
method are: â13 = 0:1023� 0:0013and â24 = � 0:1029� 0:0020. The remaining coe�cien ts
have averageand RMS spreadâqr = � 0:0001� 0:0018,with an averageformal error of
0:0013. Again, the direct matrix method provides the slightly more accuratesolution.

As another test, the chessboard basisfunctions with W = 32 (a 32� 32 subdivision of
the detector area) wereusedto analyzethe samearti�cial data. For the direct method, the
matrix sizewas7925� 2355,and the program took 11 hours and 16 minutes to completeits
calculations. For the di�eren tial method, the matrix sizewas6594� 1024,and the program
took 1 hour and 39 minutes to complete its calculations. The result of the di�eren tial
method is shown in Figure 1c. The result of the direct method looks the same,and is not
shown. Both results capture the essenceof the input imageshown in Figure 1a, apart from
noiseand the obvious \pixelization" of the results. The RMS di�erence betweenthe input
imageand the results of the matrix solutionsare 0:0120mag and 0:0145mag, for the direct
and di�eren tial methods respectively. The averageformal errors in the L-
ats are 0:0107
mag and 0:0122mag, respectively. The averageformal errors thereforeprovide a reasonable
estimate of the RMS accuracyof the solution. The direct method is slightly more accurate
than the di�eren tial method, aswas the casewith the Legendrepolynomial basisfunctions.
With the chessboard basisfunctions it is generally found that the di�erences betweenthe
input image and the results of the matrix solutions, as well as the formal errors in the
matrix solutions,do not tend to have any particular spatial pattern. On average,the results
are equally accurateanywhereon the detector. This is di�eren t than for resultsobtained for
the Legendrepolynomial basisfunctions, which tend to be least accuratenear the detector
boundariesand corners.The direct matrix method yields a best �t that reproducesthe data
with � 2 = 5723:1 for Ndf = 5570degreesof freedom. The di�eren tial matrix method yields
a best �t with � 2 = 6229:2. In both casesthis is larger than what would be expectedat 1�
signi�cance. This primarily indicates that the smooth input L-
at model (equation [38])
cannot be exactly reproducedby the adoptedpixelized basisfunctions.

The accuracyof the results obtained with the chessboard basis functions can be
improved signi�cantly through application of additional smoothing with a two-dimensional
Gaussian.The optimum amount of smoothing dependson the frequencycontent of the true
L-
at, which in practice is not known. However, for the tests presented hereit is found that
the optimum smoothing is obtained by choosingthe Gaussiandispersionequal to the sizeof
a singlebasisfunction square.Figure 1d shows the result of applying this to Figure 1c. The
RMS di�erence betweenthe resulting L-
at and the input L-
at model is now only 0:0055
mag, comparedto 0:0145mag for the solution of the di�eren tial matrix method without
any smoothing. Larger Gaussiandispersionsgive an even smoother L-
at. However, this
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also smoothes away intermediate-frequencystructure that is actually present in the input
L-
at model. For example,using Gaussiansmoothing with a dispersion equal to twice the
sizeof a basisfunction squareincreasesthe RMS to 0:0080mag. Note that any amount of
smoothing increasesthe � 2 of the �t becauseit reducesthe abilit y of the model to �t the
noisein the data. To make � 2 useful for assessingthe optimum tradeo� between�tting the
data and producing an \acceptably smooth" solution onewould needto add regularization
terms to the de�nition of � 2 (e.g., Presset al. 1992). This addsgreatly to the complexity of
the problem, and even if onedoesthis, it is not straightforward to determine the optimum
amount of regularization. I have thereforenot exploredthis. This leavesopen the question
of how to determine the optimum amount of smoothing for real applications. This will
depend on both the quality and quantit y of the available data, and on the properties of the
L-
at. This issuedeservesfurther attention when the method is applied to real calibration
data.

Overall, the tests with arti�cial data indicate that the algorithm and software work
very well. The two di�eren t matrix methods produce results that are indistinguishable
at astrophysically interesting levels. However, the di�eren tial matrix method is much
faster, and is therefore to be preferred for real applications. It allows the useof more
basis functions and more data to constrain the solution. The L-
ats can be determined
with very small random errors. Systematicerrors are therefore likely to dominate the true
error budget for realistic applications. The dominant error is the accuracywith which the
basisfunctions can reproduce the actual L-
at. Polynomials have the disadvantage of not
being able to reproduce intermediate-frequencycontent very well. This can be remediedby
going to high polynomial orders,but then the solution can becomeinaccurate towards the
detectorsboundariesand corners. The chessboard basisfunctions do not su�er from these
shortcomings. The most generalapproach for real applications might thereforebe to use
the chessboard basisfunctions, followed by smoothing of the solution.

4.2. Real Data

In Mack et al. (2002b) an analysiswas presented of ACS/WFC data of the globular
cluster 47 Tuc. Aperture photometry was performed on the pydrizzled data products
from the ACS pipeline. Theseincluded 
at-�elding with ground-basedcalibration 
ats,
and full correction for geometricdistortion. An aperture radius of 5 pixels was used,with
no spatially variable aperture corrections. Jennifer Mack provided the photometry thus
obtained, which I analyzedusing the direct matrix method. The di�eren tial matrix method
had not yet been implemented at that time. Legendrepolynomial basis functions were
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Fig. 2.| Residual L-
at for �lter F606W on ACS/WFC with respect to ground-based
calibration 
ats, inferred from photometry of the globular cluster 47Tuc. (a; top left) Result
presented in Mack et al. (2002b), obtained with the direct matrix method and Legendre
polynomial basisfunctions up to order Z = 4. This L-
at was implemented into the ACS
pipeline in late 2002,after smoothing away the discontinuit y at the interchip boundary. (b;
top middle) L-
at obtainedwith the di�eren tial matrix method and the samebasisfunctions.
(c; top right) Map of the averageresidualsin the stellar photometry after correction for the
L-
at in panel (b). (d; bottom left) L-
at obtained with the di�eren tial matrix method
and 32� 32 chessboard basisfunctions. (e; bottom middle) result of smoothing panel (d)
with a Gaussianwith dispersion equal to the sizeof one basis function square. (f; bottom
right) Map of the averageresidualsin the stellar photometry after correction for the L-
at
in panel (d). Comparisonof the residual imagesin panels(c) and (f ) shows that the chess
board basis functions provide a lessbiasedestimate of the true L-
at. This �gure is best
viewed or printed in color. The color schemefor the L-
at imagepanelsrangesfrom black
(� 0:075mag) to white (+0 :025mag). The color schemefor the residual imagepanelsruns
through the following colors: green (� 0:010 mag), yellow (� 0:005 mag), red (0:000 mag),
pink (+0 :005mag) and white (+0 :010mag).
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usedup to order Z = 4. Computational restrictions limited the application of the method
to no more than � 1500stars per matrix solution. By contrast, the number of stars for
which data was available was generally in the range5000{10000. The data were therefore
divided by stellar brightnessinto 3{6 subsetswhich were analyzedseparately, each yielding
a matrix sizeof � 8000� 1500. The L-
ats inferred from the di�eren t subsetsof the data
were then averagedtogether, weighted with the formal errors. In total, the computations
took some16 hours per �lter. Stars for which one or more of the measurements were
potentially suspect wereexcludedfrom the �t. In practice this wasdoneif the RMS scatter
betweenthe di�eren t measurements for a star exceededthe larger of 3hei i and 0.05 mag,
where hei i is the averageof the formal errors eij in the measurements for a given star i .
Stars were also excludedif lessthan three measurements were available. A more robust
rejection schemewould be to iterate the matrix method, rejecting at each iteration those
measurements for which the magnitude residual r ij (equation [30]) exceedssomethreshold
(e.g., 3eij ). However, this is computationally much more expensive (becausethe matrix
equation must be solved multiple times).

As an exampleof the results, the left panel of Figure 2a shows the resulting L-
at
(measuredwith respect to the ground-basedcalibration 
at) for the F606W �lter (same
as Figure 3c of Mack et al. 2002b). This took some16 hours to calculate. There is a
minor discontinuit y at the interchip boundary. In Mack et al. (2002b) we smoothed out
this discontinuit y beforedelivery to the pipeline. This seemsreasonable,although it is not
a priori clear that the L-
at should actually be continuous at the boundary. The CCDs
were cut from the samewafer, but the physical origin of the L-
at structures has not been
established. Another method to enforcesmoothnessacrossthe boundary is not to use
separatebasisfunctions for the two CCDs in the matrix method. I have not exploredthis,
but this should be trivial to implement in the software.

The di�eren tial matrix method is now available as an alternative approach. All data
can then be analyzedin a singlerun. The matrix sizeis 26631� 50 and the result is obtained
in only 2 minutes. Figure 2b shows the L-
at thus calculated. It is very similar to the result
obtained with the direct matrix method. The RMS betweenthe L-
ats is only 0:0014mag.
This is a factor two larger than the averagequadrature sum of the formal errors in the
L-
ats, which is 0:0007mag. The largest di�erences (0:016mag) betweenthe results from
the two methods occur in a very narrow strip near the boundary betweenthe two CCDs.
This is also wherethe formal errors in each L-
at are largest (0:005mag). This is similar
to what was seenin the tests with arti�cial data, and underscoresthe general�nding that
results obtained with the Legendrepolynomial basisfunctions are most poorly constrained
near the detector boundaries.The residual imageof the �t is shown in Figure 2c. It reveals
two problems. First, there are large residuals(up to 0:013mag) at the boundary between
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the two detectors. This indicates that the strength of the discontinuit y at the interchip
boundary inferred by the method is not real. Second,a coherent ring-like structure is
present in the residual imageat a level of � � 0:006mag. Both problemsindicate low-level
limitations of the adoptedfourth-order Legendrepolynomial basisfunction set. An analysis
of sky 
ats (Pavlovsky et al., in progress)shows very similar residualsto those seenin
Figure 2c. This con�rms the results from the stellar �eld photometry and indicates that
the current pipeline L-
ats are not yet optimal.

The improvement in computational speedprovided by the di�eren tial matrix method
now makes it possibleto usemany more basis functions. With the 32� 32 chessboard
basisthe matrix sizeis 26631� 1024,and the program completesits calculationsin 6 hours
and 55 minutes. The result is shown in Figure 2d. The corresponding residual image,
shown in Figure 2f, shows no obvious structure. Figure 2e shows the result of smoothing
the L-
at in Figure 2d with a Gaussianof dispersionequal to the sizeof onebasisfunction
square(seediscussionin Section4.1). Due to the lack of structure in the residual image,
Figure 2eis likely to be a moreaccurateapproximation to the true L-
at than the results in
Figures 2a,b obtained with the fourth-order Legendrepolynomial basisfunction set. This
interpretation is supported by comparisonof the RMS valuesof the residual images,which
are 0:0022mag for Figure 2f and 0:0030mag Figure 2c.

The L-
at in Figure 2e has two main features. There is an approximately linear
gradient betweenthe top left and bottom right. In addition to that, there is an oval feature
left and upwards from the detector center. Both featuresexist also in other ACS/WFC
calibration data. For example,the diagonal betweenthe top left and bottom right is the
direction along which the pixel areavariesmost strongly asa result of geometricdistortion.
The oval feature is seenalso in ground-based
ats and in maps of the detector thickness
(Krist 2003). The physical origin of the relations betweenthesefeaturesand those seenin
the (F606W) L-
at remain asyet unclear.

Mack et al. (2002b)provided several external testsof the accuracyof their results. This
included analysisof color magnitude diagramsof 47 Tuc and comparisonto preliminary sky

ats. This analysis indicated that the 
at �eld results (now implemented in the pipeline)
should be accurateto � 1%. On the other hand, subsequent tests showed that there may
well be residual low-frequencyerrors at the � 1% level (Ratnatunga, Mack, Pavlovsky,
priv. comm. 2003). This is con�rmed by Figure 2c. Theseresidualscan probably be
calibrated using analysessuch as thoseshown in Figures2d{f. An important questionthat
remainsto be addressedis the importance of spatially dependent aperture corrections. In
Mack et al. (2002b)we did a test for one�lter by analyzing datasetsobtained with either a
5 or 7 pixel radius aperture. The inferred L-
ats were found to agreeto 0:0015mag RMS.
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This was taken as evidencethat the in
uence of spatially dependent aperture corrections
must be small. On the other hand, subsequent work (Krist 2003;Riess2003)has indicated
that that there are in fact spatial dependenciesin the aperture corrections(below � 1% for
a 5 pixel radius aperture). Thesecould a�ect the L-
at results at a low level. All of this
indicates that it will be worthwhile to revisit the L-
ats currently in the ACS pipeline. The
new methods presented and tested herewill allow an in-depth analysisof this issue,which
will be the topic of a future ISR.

I would like to thank Jennifer Mack for providing real-life data with which the
techniquesdescribed here could be tested and optimized, and the members of the ACS
photometric calibration working group for helpful feedback and advice. Jennifer Mack, Ron
Gilliland and Ralph Bohlin kindly provided comments on an earlier draft of this ISR.
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