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Simulations are very expensive and the space of parameters 
too large to be investigated only via simulations. Besides, 
some of it cannot be investigated yet (small mass ratios)
Semi-analytic approaches are useful and necessary



Consider BH binaries as ÒenginesÓ producing a Þnal 
single black hole from two distinct initial black holes

Before the merger...

orbital angular mom.



After the merger...

!vkick

Consider BH binaries as ÒenginesÓ producing a Þnal 
single black hole from two distinct initial black holes

Can we map the initial 
conÞguration to a Þnal 
one without performing 
a simulation?
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Marronetti et al, 2007

LR et al, 2007
Boyle et al, 2008
Baker et al, 2008 
Lousto et al, 2008
Kesden, 2008
LR, 2008



LetÕs see what we are up to: for quasi-circular orbits, this 
amounts to mapping the 7D space of initial parameters

to the 3D space of the either the Þnal recoil vector or 
of the Þnal dimensionless spin vector

Surprisingly,  we can do this to a remarkable precision

In other words: all quantities can be written as a Taylor 
series in terms of the initial spin components
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All work in this area is built around one assumption



There are several different attempts of doing this:

¥physically/mathematically motivated (LR et al. 2007a; 2007b; 2008)

¥test-particle motivated (Buonanno, Kidder, Lehner 2007; Kesden 2008)

¥mathematically motivated (Boyle, Kesden, Nissanke,2007, Boyle, Kesden 2008)

¥abridged mathemat. motivated (Marronetti, Tichy, 2007, Tichy, Marronetti 2008)

Important requirements for the formula:
¥simple, possibly only algebraic 
¥as generic as possible
¥predictive
¥improvable

Hereafter I will concentrate on the AEI approach
E. Barausse, N. Dorband, S. Husa, D. Pollney, C. Reisswig, J. Seiler



To do this we need to make 5 (reasonable) assumptions:

Modelling the spin for generic binaries
LR et al (2008) ApJL; LR et al (2008) ApJ; LR et al (2008) PRD

(i) the mass radiated in GWs can be neglected:

(ii) the Þnal spin vector is expressed as the sum of the two initial 
spin vectors and of a third vector:

ÒthirdÓ vector is difference between initial orbital angular mom. 
and radiated one and is a ÒpropertyÓ of the binary



(iii) the vector     is parallel to    : 
this amounts to requiring the angular momentum is radiated in 
the direction of the orbital angular mom. This is exact if

More in general one expects 

÷! ! L

(iv) When the initial spin vectors are equal and opposite and the 
masses are equal, the Þnal spin is same as for zero spins

Stated differently, equal-mass binaries with equal and opposite-
spins behave as nonspinning binaries (ConÞrmed numerically). 

aÞn(a1 = ! a2, q) = aÞn(a1 = 0 = a2, q)



Using these four assumptions it is possible to write a unique 
expression for the amount of angular momentum not radiated and 
It is trivial to write the norm of the dimensionless spin vector as 
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Using these four assumptions it is possible to write a unique 
expression for the amount of angular momentum not radiated and 
It is trivial to write the norm of the dimensionless spin vector as 

where

Note that the ÒthirdÓ vector and hence the Þnal spin is fully 
determined in terms of the 5 coefÞcients 
introduced for the aligned binaries. 



Does this work?...

¥ Test against equal-mass, unequal-spin aligned binaries 

¥Test against unequal-mass, equal-spin aligned binaries 

¥ Test against generic binaries

a1 != a1, q = 1, (M 1 = M 2)

a1 = a1 = a, q != 1 , (M 1 != M 2)



Equal-mass, unequal-spin binaries

with 

The resulting expression is (                               ) 

¥opposite spins same as non 
spinning
¥monotonic behaviour
¥Þnal spin increases along the 
SW-NE diagonal
¥minimum and maximum spin



with 

The resulting expression is (                               ) 

¥angular momentun not 
radiated: 

¥opposite spins same as non 
spinning
¥monotonic behaviour
¥Þnal spin increases along the 
SW-NE diagonal
¥minimum and maximum spin

Equal-mass, unequal-spin binaries



with 

The resulting expression is (                               ) 

¥contribution of the 
initial spins and of the 
spin-orbit interaction:

¥opposite spins same as non 
spinning
¥monotonic behaviour
¥Þnal spin increases along the 
SW-NE diagonal
¥minimum and maximum spin

Equal-mass, unequal-spin binaries



with 

The resulting expression is (                               ) 

¥contribution of the 
initial spins and of the 
spin-spin interaction:

¥opposite spins same as non 
spinning
¥monotonic behaviour
¥Þnal spin increases along the 
SW-NE diagonal
¥minimum and maximum spin

Equal-mass, unequal-spin binaries



Unequal-mass, equal-spin binaries

spin

symm. mass ratio

Numerical data
Analytic expression

EMRL: extreme 
mass-ratio limit

The resulting expression is (                                  )



How to produce a Schwarzschild bh...
The analytic expression allows to answer simply questions such as: 
is it possible to produce a Schwarzschild bh from the merger of 
two Kerr bhs?

Find solutions for:

Unequal masses 
and spins 
antialigned to the 
orbital ang. mom. 
are necessary

Isolated Schwarzschild bh likely result of a similar merger!



How to ßip the spin...

In other words: under what conditions does the Þnal black 
hole spin a direction which is opposite to the initial one?

Find solutions for:
aÞn(a,ν) a < 0

Spin-ßips are 
possible if:
¥initial spins are 
antialigned with 
orbital angular 
mom.
¥small spins for 
small mass ratios

¥large spins for comparable masses



Spin-up or spin-down?...
Similarly, another basic question with simple answer:
does the merger generically spin-up or spin-down?

Just  Þnd solutions for:

Clearly, the merger of 
aligned BHs statistically, 
leads to a spin-up. This 
has impact on modelling 
the merger of 
cosmological 
supermassive BHs (Berti 
& Volonteri, 2008)



More comparisons

Comparison between the AEI and 
FAU prescriptions over 75 
misaligned binaries: in both cases 
the residuals are a few %

Comparison between the AEI and 
FAU prescriptions over all available 
data (153 binaries). AEI performs 
better on average but has also the 
largest local residual.



Routes to improvements
The AEI formula gives predictions accurate to ~ 1%. 
This is Ògood enoughÓ for astronomical/cosmological use 
However, it can be further improved:

¥increase the number of simulations for a better 
estimate of the 5 Þtting coefÞcients
¥estimate the transverse component of the radiated 
angular momentum
¥adopt higher-order modelling in the spin and mass-
ratio               (presently 3rd-order)



Summary
!  Numerical relativity can provide relevant input also 
astrophysics. Simulations are still very expensive but 
alternatives are possible at reasonable costs in precision.

!  Very large kicks are possible in speciÞc conÞgurations, but 
these may be rare. A complete and accurate expression is still 
lacking but work is ongoing (Dorband et al. 2009).

!  A complete expression for the Þnal spin has been reached 
for generic conÞgurations with % precision. 

! Several approaches are possible. Overall the AEI formula 
gives the best approximation but improvements are possible 
and in progress. More to come soon (Barausse, LR 2009)


