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POLYNOMIAL FITTING FOR HSP RSDP ALGORITHMS
' Richard L. White, 26 January 1988

Summary

Most of the calibration parameters used by the HSP RSDP algorithms are allowed to be
cubic polynomial functions of the instrument temperature and the epoch of the observation.
This paper describes the best method for determining both the polynomial coefficients and
the uncertainty in the fit as a function of temperature and time. The uncertainty is required
for the propagation of errors through the RSDP algorithms, which may be added to the
RSDP in the future.

Introduction

In order to permit the best possible accuracy for the HSP “pipeline” data calibration,
most of the calibration parameters (which include dark count rates, relative sensitivity fac-
tors, etc.) are not assumed to be constant but are allowed to vary with temperature and
time. The value of one of these parameters is determined from

3 3 , .
C=3 3 (T - To)(t —to) , (1)

i=0j=0

where T is some HSP temperature (from telemetry) at the start of the observation, ¢ is the
epoch of the observation, Ty and t( are reference temperatures and times for the calibration
quantity, and ¢;; are the calibration coefficients for calibration parameter C.

I describe here what appears to be the best possible way to derive these coefficients from
a set of calibration observations at various temperatures and times. The technique has the
following desirable characteristics:

(1) it gives the coefficients for the best (least squares) polynomial in T and
t by fitting in both variables simultaneously;

(2) it is very robust;

(3) it gives a measure of the quality of the fit; and

(4) it permits error estimates on the fit as a function of T and ¢.

This paper describes the method used, gives a Fortran listing of a program which per-
forms the fit, and shows an example fit using the program. Some implications of the use of
this technique for deriving RSDP parameters are also discussed.

Method

Chapter 14 of Numerical Recipes (Press et al. 1986) thoroughly discusses the techniques
for solving linear least squares problems in one dimension. I repeat here only enough of their
discussion to show how their method of choice is used and how it is easily generalized to
fitting in an arbitrary number of dimensions. I follow their notation.
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One-Dimeunsional Fitting

First consider the 1-dimensional problem. Suppose we have a set of N data points (z;,¥;)
to which we wish to fit a linear combination of M basis functions,

M

¥(z) = Y apXp(z) (2)

k=1

where X;(z),...,Xp(z) are arbitrary functions of z. According to Press et al, the best
method for solving this problem is singular value decomposition (SVD). SVD successfully
solves for the aj even in the case when the Xj(z) are not well-distinguished by the data.

An extreme example of this occurs if the X (z) are not linearly independent. Suppose, for
example, that we are trying to fit the sum of 3 functions Xp = 1, X; = =, and X9 =1+ 2.
Obviously there is not a unique solution for (ap,a;,a2) in this case, and most numerical
techniques will either fail to find any solution or will find a solution in which e.g., ag and a;
are very large positive numbers and a3 is a very large negative number, with the resulting
large numbers nearly canceling to produce the desired solution. However, SVD returns the
solution with the smallest length 3 ai, which is in some sense the most reasonable solution
to such an underdetermined problem.

Obviously one tries to avoid linearly dependent basis functions; however, a similar cir-
cumstance arises when the data insufficiently sample the various basis functions, so that the
functions are practically indistinguishable. (A familiar example of this occurs when one tries
to fit a Fourier series to evenly sampled data. The even sampling makes it impossible for
the data to distinguish between low frequencies and frequencies above the Nyquist limit.)
In that case as well, SVD is very well behaved. According to Press et al.,, SVD cannot fail
regardless of how ill-conditioned the problem may be.

Numerical Recipes lists several subroutines which can be used for 1-dimensional least
squares fitting. SVDFIT performs the fit and returns the coefficients; it also returns the x?
value for the fit. SVDVAR calculates the covariance matrix, which describes the uncertainty
in the parameters (this is discussed further below). SVDFIT calls SVDCMP and SVBKSB, which
are also Numerical Recipes subroutines. The Fortran source code for all Numerical Recipes
subroutines is available on the STScI VAX cluster in DISK$SDAS: [NUMREC. SOURCE] .

Multi-Dimensional Fitting

It is very simple to generalize the SVD technique given in Numerical Recipes so that it
fits a multi-dimensional function to multi-dimensional data. The equations which are solved
to find the coefficients a;, depend only on the value of the M basis functions Xj at the N
data points ;. Thus, the solution involves a matrix which looks like

Xi(z1) Xa(z1) -.- Xm(z1)
Xi(z3) Xa(z2) ... Xm(=2)

: : : (3)
Xi(zn) Xo(zn) ... Xm(zn)

The functions Xi(z) may be arbitrarily complicated. Now consider the general D-dimen-
sional case. The basic matrix involved in the problem is identical to that given above: there
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are still N data points and M functions. The only change is that the basis functions are
X (x), where x is a vector of length D. Since only the value of X3(x) at a finite number
of points are involved in the fit, the fitting routine does not care that the basis functions
depend on D variables instead of 1; it changes hardly at all from the 1-dimensional case.

I have modified the Numerical Recipes routine SVDFIT to handle fitting in an arbitrary
number of dimensions; the resulting Fortran subroutine is called SVDFITHN and is listed at
the end of this paper. The subroutines SVDCMP and SVBKSB which it calls do not have to be
changed, nor does SVDVAR.

I have also written another subroutine, called POLYFIT2, which is designed for the specific
problem of fitting 2-dimensional cubic polynomials in z — zo and y — yo to data for the
HSP RSDP algorithms. Both it and TESTPOLY, a sample program which reads in data and
performs a fit using POLYFIT2, are also listed at the end of this paper, and their use is
discussed further below.

Using the Results

Most of the parameters used by POLYFIT2 are described in the comments in that routine
and are self-explanatory. The CHISQ and PROB parameters, which quantify the accuracy of
the fit, and the covariance matrix, returned in COVAR, may need some explanation.

The x2 of the fit is defined as

N 2
=3 (-—-—y(z'c)r y’) , (4)
i=1 b4

where y(z) is defined in equation (2) and o; is the standard deviation in the measurement
of y;. The fitting routines described in this paper solve for the set of coefficients a; which
minimize x2. If the function y(z) is a good fit to the data, then the value of x2 will be
about equal to the number of degrees of freedom in the fit, N — M. POLYFIT2 returns both
the x2 and the probability that random errors in the data would lead to a x? value at least
as large as that found, assuming that the measurement errors are normally distributed. If
PROB is small (say, less than 0.05 or so) then the fit to the data is relatively poor, meaning
that either the data is too complicated for the cubic polynomials to fit, or that the errors o;
are underestimated. See Numerical Recipes for more discussion of interpreting the x2 and
probabilities.

The covariance matrix COVAR gives the uncertainty and correlations in all the coefficients.
It can be used to calculate the uncertainty in the value of the fitted function at any value of
(z,y). Let Ej,, be the covariance matrix for the coefficients a). The diagonal terms

Emm = ‘731 ? (5)

where o2, is the variance in coefficient am,. The off-diagonal terms are the covariance of g;
and anm,

Eip = Cov(ay, am) = rio10m (6)

where 7., is the correlation coefficient between a; and am (-1 < 74, < 1). Note that Ey,,

is symmetrical, i.e., Ej, = Epy. The variance v(z) in the fitted function y(z) at any point

z is given by
M

M
v(2)=ot(z) =Y. Y EmXi(z)Xm(z) . (7

i=1m=1
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These expressions apply for 1-dimensional or multi-dimensional fits.

For a 1-dimensional polynomial fit (Xi(z) = 2*~1,k = 1... M), the variance v(z) is
a polynomial of order 2M. Similarly, for a 2-dimensional fit, v(z,y) is a 2-dimensional
polynomial of order 2M in z and y. The uncertainty in the fit behaves as one would
intuitively expect: it is small in regions where it is well-constrained by the data points, but
outside those regions it increases rapidly.

For the specific case of a polynomial fit, the evaluation of »(z) using equation (7) is very
sensitive to round-off errors because the correlation coefficients are generally very close to
+1. It is possible to evaluate v(z) using double precision to reduce the round-off errors;
however, it is faster and more accurate to use the special form of the covariance matrix to
advantage. Consider a 1-dimension fit of a polynomial with M terms. Define matrices D

and F as
Di = (~1)™ /By Emm = (1) ™oiom (8)

ﬁm = Epy, — Dlm . (9)

and

The variance at z is then

M M '
v(2) =3 3 (Dim + Fim)e ™™
i=1m=1
M M ! M ! M
=3 3 Fpa ™4 3 o(—=) X om(—=z)™
I=1m=1 =1 m=1
M

I
WS

=1 m=1 =1

M 2
> Bzt + [Z Ut(—'-':)'] (10)

By breaking the sum up this way, the cancellations which lead to round-off errors in the direct
summation over Ej,, are analytically removed and v(z) can be accurately evaluated using
single precision arithmetic. The routines COVARSPLIT and VARP2 which use this technique
to evaluate the variance are listed at the end of the paper. Their use is demonstrated in

TESTPOLY.
Other Points

It may be worth mentioning here that the subroutine SVDFITN which is used by POLYFIT2
can, like the Numerical Recipes routine SVDFIT, be used with any set of basis functions, not
just with polynomial terms. For example, the strong correlation between the coefficients
in the usual polynomial sertes }:akz"’ can be greatly reduced by fitting instead a Legendre
polynomial series 3" aj L (2), where Ly, is the Legendre polynomial of order k and z = (2z —
b—a)/(b— a) is a linear transformation of = so that —1 < z <1 when a < z < b. Similarly,
coefficients for any other set of (multi-dimensional) functions may also be determined using
SVDFITN.

I have not bothered to use Legendre polynomials in TESTPOLY because the trick dis-
cussed above for evaluating the variance v(z) in the presence of strong correlations makes it
unnecessary in the cases I have tried.
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Figure 1. Exact value of function Figure 2. Fitted function. Contour levels are
used in example. Contour levels are same as for Figure 1.
—4,-3.8,-3.6,...,0,0.1,0.2,...,2, Negative

contours are dashed.

Example

This section describes an example of the use of POLYFIT2. Test data was generated by
randomly sampling a function

1 1 -1 -1 1
1 -1 1 -1

Fe(ziy)=(1 z z? 33) -1 1 1 -1 ;2 (11)
-1 -1 -1 -1/ \4®

at 30 points in the interval 0 <z <1 and 0 < y < 1. Gaussian noise with ¢ = 0.01 was
added to the value of the exact function at each point.

Figure 1 is a contour plot of the exact function Fe(z,y); Figure 2 shows a contour plot
of the fitted function Fg(z,y). The fitted function is obviously very similar to the exact
function, though some small differences can be seen. Note, for example, the difference in the
contours between the two functions near z = 1, ¥ = 0.

Figure 3 shows a contour plot of the uncertainty in the fitted function, o(z,y). The
(random) positions of the data points used in the fitting are also shown. The uncertainty
in the fitted function is small near the data points, but is large near the edges of the fitted
region where the data do not constrain the fit very well.

Figure 4 shows the difference between the fitted function and the exact function in
standard deviations, i.e., [Ff(z,y) — Fe(2,¥)]/o(2,y). This difference is of order 1 or less
over most of the fitted region, as it should be if o(2,y) is a good measure of the uncertainty.

It is a good idea to try fitting the data with a polynomial of lower order to see whether
the higher order terms significantly improve the fit. This is done in TESTPOLY, which fits
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Figure 3. Uncertainty in fitted fonction, Figure 4. Difference between fitied and

o(s,y). Contouz levels are 8,16, 32, 64,128 x exact functions in standard deviations,

10-3. Positions of the 30 data points used in the [Fy(=,y) — Fu(2,¥)]/o{®,y). Contour levels are

fitting are also shown. —1.6,-1,-0.5,0,0.5,1. Negative contours are
dashed.

polynomials of order (N, Ny), with Nz and Ny = 0...3. If a lower order fit ie adequate, it
is preferred because the uncertainty in the fit is substantially reduced as the order decreases,
especially at the edges of the fitting region.

For the example, the minimum x2 as a function of the order of the polynomial being fit
is

N
Ny 0 1 2 3

3.1x10° 2.1x10% 1.6x10° 1.6x10°
2.3 x 10° 6.9 x10% 2.3x10* 2.0x 10
1.9x10% 3.1x10% 1.1x10° 2.8 x 102
1.5x10% 2.0x10% 4.5x102 1.2 x 10!

W= o

The probability of a x2 as bad as those given is essentially zero except for the case Ny =
Ny = 3; then PROB is 0.58, indicating that cubic terms are necessary, and that when they
are included, the fit is very good. :

Discussion of Applications to HSP RSDP Algorithms

Currently the HSP RSDP algorithms do not include the capability of calculating the
error introduced through uncertainties in the calibration parameters. However, it would
be straightforward to include in the RSDP database the polynomial coefficients required
to describe the uncertainty o(T,t) as well as the fitted function C{T,t). There are 16
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coefficients in the fitting function of equation (1), so the full error matrix has 16 x 16 = 256
terms; however, as pointed out above, the variance v(T,¢) is a 6th degree polynomial, so
only 7 x 7 = 49 coefficients are need to fully characterize the uncertainty as a function of
(7, t).

Thus, the error coefficients require about a factor of 3 more storage than the coefficients
required to describe the parameter itself (49 versus 16). I have experimented with fitting
a lower order polynomial to o(T,t) in the hopes that it would be possible to reduce these
storage requirements, but to date [ have not been successful. However, the scientific benefits
of providing the observer with error estimates are sufficiently great that even a factor of 3
increase in storage requirements is probably justified.

The use of these error estimates and their propagation through the HSP RSDP algorithms
will be discussed in a future paper.

Regardless of whether the error estimates are used, the method described here appears
to be the best way to derive polynomial coefficients for the HSP RSDP algorithms. It should
be incorporated into the CDBS algorithms as soon as possible.

Reference

Press, W. H., Flannery, B. P., Teukolsky, S. A., and Vetterling, W. T. 1986, Numerical
Recipes, (Cambridge: Cambridge University Press).
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Fortran Listings

Subroutine SVDFITN

This is the primary subroutine used to perform fitting in multiple dimensions. It is a
slightly modified version of the Numerical Recipes subroutine SVDFIT, which performs fits
in one dimension. It calls Numerical Recipes subroutines SVDCMP and SVDKSB.
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Fortran Listings (Continued)

Subroutine POLYFIT2 and Function FUNCPN

This subroutine uses the above routine SVDFITN to fit a 2-dimensional polynomial of
degree up to 3 in each dimension to a set of data. Function FUNCPN calculates the polynomial
basis functions used for the fitting; if different basis functions are required, it can be modified.
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Polynomial Fitting Page 10
Fortran Listings (Continued)

Subroutine COVARSPLIT and Functions VARP2 and VARX

These routines are used to calculate the variance as a function of (z,y) for a 2-dimensional
polynomial fit. COVARSPLIT splits off the perfectly correlated part of the covariance matrix
as described in the paper. VARP2 uses the split matrix to evaluate the variance at a given
location. VARX calculates the variance directly using the sum in equation (7). VARX is called
by VARP2 to calculate the off-diagonal part of the sum in equation (10); it can also be used
to calculate the complete variance for non-polynomial basis functions if round-off error is
not a problem.
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Polynomial Fitting Page 11

Fortran Listings (Continued)

Program TESTPOLY and Subroutines

TESTPOLY is a program which uses the above routines to perform 2-dimensional polyno-
mial fitting. It was used for the example described in the paper. It uses subroutines PRINT,
WRITEFIT, EVALP2, and SIGP2, which are also listed. TESTPOLY writes binary output files
from which contour plots like those shown in the paper can be produced. The ».IM files can
be read by the MONGO plotting program using the IMAGE command.
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