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Abstract

We describe some details related to changes in image scale induced by velocity aberration of
starlight. We investigated whether an update was warranted to the HST keyword
VAFACTOR, which quantifies the dimensionless factor by which the image scale is changed
by velocity aberration at the mid-point in time of an exposure. Nominally, the factor differs
from unity by ±1E-4 or less. We quantify each of the following effects on VAFACTOR: a)
using the classical formula instead of the relativistic one, b) evaluating it at an
inappropriate time, e.g. at the start of an exposure, and c) evaluating it at mid-exposure
instead of averaging it over the entire exposure. Respectively, the three effects can produce
errors in VAFACTOR as large as a) 1.0E-8, b) 0.8E-6 T, and c) 4.5E-9 T2, with the
exposure time T expressed in minutes. Whereas the first effect is negligible and the second
effect is only hypothetical, the third effect has the potential to be marginally significant in
rare circumstances, but we expect will never matter in practice. Based on this analysis,
no updates are indicated to the formulas used for FITS keywords VAFACTOR (HST) or
VA SCALE (JWST).

Introduction

The aberration of starlight is the change in the apparent position of a star induced by the
velocity of the observer. Three centuries ago, James Bradley first measured and explained the
aberration of starlight caused by the motion of the Earth about the Sun. His measurements
produced the historically second measurement of the speed of light, c, a few decades after Ole
Roemer’s measurement of c using eclipses of the Galilean satellites of Jupiter.1 In addition

1Cf. p. 648 of reference 3 in https://royalsocietypublishing.org/doi/epdf/10.1098/rstl.1727.

0064 in https://en.wikipedia.org/wiki/Aberration_(astronomy) and https://en.wikipedia.org/

wiki/Speed_of_light#History
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to shifting the positions of stars, velocity aberration changes the angular scale of an image:
looking anywhere in the forward hemisphere, i.e. in the direction of motion, stars appear
closer together, while looking anywhere to the rear, stars appear further apart, in each case,
compared to an observer at rest (Figure 1).

Figure 1: Schematic showing the bunching of stars in the direction of motion of the observer.
The effect is exaggerated for illustrative purposes. By Ahalda at English Wikipedia, CC BY-
SA 3.0, https://commons.wikimedia.org/w/index.php?curid=46795552

The introductions of Cox (1997) and Cox and Gilliland (2003) set up the situation very
clearly, so we will not repeat that here, except to introduce Figure 2 and to describe some
of the variables again for convenience. For an observer moving with velocity v, their motion
induces an isotropic change in image scale of (Cox and Gilliland 2003):

dα′

dα
=

γ−1

1 + |β|cosα
, (1)

where α and α′ represent the angles between a star and the direction of motion of the
observer, in the rest frame and the moving frame, respectively, and the usual relativistic
variables are β = v/c and γ = 1/

√
1− β2. We have used a reciprocal in the numerator

purely for convenience: γ−1 =
√
1− β2. The reciprocal of Equation 1 is computed for

conditions at mid-exposure and stored in the FITS header as a scalar S:

S = (
dα′

dα
)−1 = γ(1 + |β|cosα), (2)

where γ is replaced with unity in the classical approximation used for HST’s keyword
VAFACTOR, while the relativistic formula that includes γ is used for JWST’s keyword
VA SCALE as documented in the Appendices. There we read: multiply the nominal image
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scale (e.g. in degrees per pixel) by this value [S] to obtain the image scale corrected for the
“aberration of starlight” due to the velocity of [the telescope] with respect to the Sun [n.b.
more exactly, the solar system’s barycenter].

Figure 2: Schematic showing the angle α separating the direction of a star in the barycentric
rest frame and telescope’s velocity vector v, which is the vector sum of the Earth’s 30 km s−1

velocity around the Sun and the 7.5 km s−1 velocity of HST around the Earth. Adapted from
Cox (1997).

The motivation for this investigation was the author’s concern that perhaps the calcula-
tion of S should be made more exact. In particular, he worried that if S was evaluated for
the circumstances of the start of an exposure, it could be in error by a significant amount:
the longer the exposure, the larger the error. That particular concern proved moot, because
S is evaluated for the moment of mid-exposure, as documented also in the Appendices.
Throughout this report, it is worth keeping in mind that the variations in image scale are
small, of order ±v/c, which at the edge of a CCD that is 2000 pixels from its center amounts
to a full shift of ∼0.1 pixel for HST’s orbital motion and ∼0.4 pixel for Earth’s orbital motion
(Cox and Gilliland 2003, Figure 2).

This short report is organized according to the three effects listed in the abstract: (a)
the negligible relativistic factor, (b) a hypothetical time offset of half the exposure time, and
(c) evaluating Equation 2 at mid-exposure instead of averaging over the exposure. After
analyzing those we add short sections of discussion and conclusions.

Analysis

For the velocities of interest to us, namely the 30 km s−1 velocity of the Earth around
the Sun and the 7.5 km s−1 velocity of HST around the Earth, β = ±1E-4 and ±0.25E-4
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respectively. The Taylor series for γ is

γ = 1/
√
1− β2 = 1 + 0.5 β2 + ..., (3)

so γ excedes unity by less than 1E-8, even in the case of summing the Earth’s and HST’s
velocities to 37.5 km s−1. Hence γ ≈ 1 is a very precise approximation, i.e. the relativistic
correction is negligible, as it would displace a star at the image’s edge, i.e. 2000 pixels from
the center, by no more than 20 micropixels, or 0.8 microarcseconds for WFC3 UVIS’s pixels,
whereas the most precise positional measurements HST has performed have a precision of
∼30 microarcseconds (Riess et al. 2018).

Applying the non-relativistic version of Equation 2 to compute VAFACTOR is less sig-
nificant than the inherent approximation that a single scale factor applies across the entire
UVIS field of view. To appreciate that, consider from Equation 3 that the difference between
neglecting or including the relativistic factor γ in Equation 2 is ∼0.5β2, so it is comparable
to an error of ∼0.5 β in the direction cosine, i.e. cos α, in Equation 2. Both VAFACTOR
(HST) and VA SCALE (JWST) are computed with respect to a particular pointing direc-
tion, which is not necessarily at the center of any particular image. Even for HST’s WFC3,
which is nearly on-axis, the centers of its full-frame apertures in the UVIS focal plane are off-
set from the V1 axis by ∼4 arcseconds and ∼10 arcseconds, for UVIS-CENTER and UVIS,
respectively.2 For comparison, HST’s orbital speed, ∼7.5 km s−1, has an associated β =
0.25E-4, in which case neglecting the relativistic correction would correspond to an error in
α of ∼2.5 arcseconds, for circumstances in which cosine(α) is not near an extrema and hence
insensitive to changes in α.

The error of (hypothetically) computing Equation 2 at the start of an exposure instead
of at its midpoint would be marginally significant, as we quantify now. For simplicity we
idealize the geometry by placing HST’s orbit and the star in the ecliptic plane; this also
maximizes the potential effect of HST’s velocity. In the classical approximation, Equation 2
becomes

S − 1 ≈ |β|cosα, (4)

From Figure 2 we see that the quantity S − 1 = |β |cos α has a simple geometric inter-
pretation, namely the projection of the observer’s velocity, v, along the line of sight to the
star and normalized by the speed of light, c. Hence, S − 1 will have an approximately fixed
offset from zero determined by Earth’s velocity around the Sun multiplied by the direction
cosine, cos ᾱ, averaged over an HST orbital period, plus a sinusoidal variation with time,
with a period equal to HST’s period and a half-amplitude set by HST’s velocity around
Earth. Hence, with respect to time t,

S − 1 ≈ |βEarth| cos(ᾱ) + |βHST | cos(ωt), (5)

with ω = 2 π/P and HST’s orbital period, P = 96 minutes. By differentiating Equation 5,
we see that the maximum effect of calculating S at the start of an exposure instead of T/2
minutes later at mid-exposure, would be

2https://www.stsci.edu/hst/instrumentation/focus-and-pointing/fov-geometry
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|∆S| < |βHST | ω T/2 = π |βHST |
T

P
= 0.8× 10−6 T, (6)

with the total exposure time T expressed in minutes. For a 15 minute exposure, the error in
|∆S| would amount to only 0.025 pixels at the edge of the CCD, 2000 pixels from its center.
We reiterate that the effect is hypothetical because both VAFACTOR and VA SCALE are
calculated at mid-exposure.

Evaluating only the more rapidly varying component3 in Equation 5, i.e. |βHST | cos(ωt),
the error caused by calculating S at mid-exposure compared to averaging S over the exposure
is

∆S = S(t̄)− S̄ = |βHST |(cosωt̄−
1

T

∫ +T/2

−T/2
cos(ω(t̄+ t))dt ), (7)

which can be shown to be at most

|∆S| < |βHST | (1− sinc(x)) ≈ |βHST |
π2

3!
(
T

P
)2 = 4.5× 10−9 T 2, (8)

with sinc(x) = sin(x)/x, x = ωT/2 = πT/P , and the quadratic approximation4 is the first
term of the Taylor series5 for 1 − sinc(x) appropriate for x ≈ 0. For example, an exposure
time T = 15 minutes6 results in a maximum error |∆S| of 1.0 × 10−6, which is ∼1% of the
maximum difference from unity that S nominally exhibits (∼1× 10−4).

Discussion

It seems not implausible that Cox and Gilliland (2003) considered the effects discussed in
this report, but because the effects are so small, they chose not to document them formally
as we have done here. After all, the HST software makes a non-relativistic approximation
and does so for the mid-exposure time, both of which are appropriate choices, as this report
shows.

Evaluating a function at mid-exposure instead of evaluating the function’s average over
an exposure is a detail that appears in other contexts than the one addressed here, including
exoplanetary phase curves (Morello, Dyrek, and Changeat 2022, Equation 7); exoplanetary
transit light curves (Kipping 2010, Section 5); asteroseismology (Murphy 2012, Equation
1), (Huber et al. 2010, Section 3.3), and (Lund 2015, Section 2.4.2); pulsating white dwarfs
(Schrandt 2019, Equation 2.1); precision radial velocities (Jeffery et al. 2019, Section 4.3);
and so many other applications in astronomy and elsewhere.

The sinc(x) function in Equation 8 may be familiar from Fourier analysis. The Fourier
transform of any function convolved with a boxcar (a.k.a. tophat) smoothing function is

3Treating Earth’s velocity as a constant during an exposure is entirely justified here, because Earth’s
orbital period is ∼5500 times greater than HST’s, and Equation 8 shows the error is inversely proportional
to period squared.

4The ratio of the quadratic approximation to 1−sinc(x) is less than 1.13 for T < 48 min, i.e. it’s accurate
to better than 13% up to half of HST’s orbital period.

5https://en.wikipedia.org/wiki/Sinc_function
6Approximately 15% of WFC3 UVIS exposures are longer than 15 minutes.

5



Instrument Science Report WFC3 2024-08

the product of the Fourier transform of the unsmoothed function and a sinc(x) modulation
(Bracewell 2000, p. 226ff). In the case of a Fourier analysis, typically the boxcar smoothing
kernel in time is a fixed width while the frequency varies, e.g. from zero to the Nyquist fre-
quency. In the case analyzed in this work (Equation 8), the frequency is fixed (corresponding
to HST’s period P ) while the kernel width is a variable, i.e. the exposure time T .

As noted by Cox (1997), HST’s onboard software automatically corrects in real time for
the differential shift in position due to velocity aberration for a single position within a field
of view of whichever instrument is primary. For instruments that are not primary but instead
are operated in parallel, the velocity aberration is necessarily incorrect. Cox (1997) derived
that the differential stretching of velocity aberration induced by HST’s orbital motion creates
a peak-to-peak variation in positions of 0.0233 arcsecond across a 500 arcsecond separation
on the sky during one half of the HST orbital of 96 minutes.7 With respect to the center of
WFC3, the other HST instruments are separated by approximately 505 arcsec (ACS HRC
and SBC), 360 arcsec (ACS WFC), 355 arcsec (NICMOS), 325 arcsec (COS), or 285 arcsec
(STIS), based on the post-SM4 configuration of instruments in HST’s focal plane.8

Because the maximum rate of a sinusoid is pi/2 times the rate estimated as the peak-to-
peak deviation divided by half of the period, the maximum rate (for 500 arcsec separation
between primary and parallel instruments) is 0.75 mas per minute, or 0.02 pixels per minute
for WFC3 UVIS pixels that are 40 mas on a side. The parallel instrument’s PSF will
be elongated by the radial stretching shifting the position throughout the exposure along
the vector from the primary instrument to the parallel instrument. Because the effect is
proportional to the separation, and all of the instrument separations from WFC3 are 505
arcsec or less, we can bound the maximum effect in WFC3 used as the parallel instrument:
it is at most 0.02 pixels shift per minute of exposure time. For example, in a 20 minute
exposure, stellar images will be shifted 0.4 pixels, and this will create a slight elongation of
the PSF. For a PSF modeled for simplicity as a circularly symmetric Gaussian with a FWHM
in X or Y of 1.6 pixels, the 0.4 pixel shift throughout the exposure, say in the Y direction, will
result in a FWHM in Y of

√
1.62 + s2, where s = 0.4 /

√
12, due to the standard deviation of

a uniform distribution.9 More generally, if dy = 0.02 T, with dy in pixels and T in minutes,
the elongated FWHM equals 1.6(1 + (dy/1.6)2/24) pixels. Alternatively, the ratio of the
length of the elongated axis’ FWHM to that of the axis perpendicular to the elongation is
1 + (0.02 ∗ T/1.6)2/24. The latter factor is 1.0026 for T=20 minutes.

A similar analysis shows that were the Nancy Roman Space Telescope10 to be operated in
low Earth orbit like HST, instead of in a halo orbit around the L2 point, the stretching due
to velocity aberration would introduce peak-to-peak variations as large as 0.067 arcsecond
(60% of the 0.11 arcsecond pixels) from center to edge of its 0.8o × 0.4o focal plane during
each orbit around Earth. This would either limit exposure times or complicate co-adding
of short exposures to prevent an anisotropic blurring of stellar images: sharp at the image
center, but slightly elongated radially in proportion to the distance from the image center

7This is simply an application of Equation 4, with v = 7 km s−1: 0.0233 arcsec = 2×|β|×500 arcsecond,
with the factor of 2 accounting for the “peak-to-peak.”

8https://smcit.ecs.baylor.edu/2009/iwpss/papers/5.pdf
9https://study.com/skill/learn/

calculating-the-standard-deviation-of-a-continuous-uniform-distribution-explanation.html
10https://roman.gsfc.nasa.gov/science/WFI_technical.html

6



Instrument Science Report WFC3 2024-08

and in proportion to the effective length of the exposure(s).
Anderson and Bedin (2017) studied 589 WFC3 UVIS images of the core of the globular

cluster M4 exposed for ∼6.5 minutes each through the F467M filter. In their three-panel
Figure 16, reproduced here as Figure 3, the left panel shows a very strong correlation be-
tween precisely measured image scales and the value of VAFACTOR in each image’s FITS
header, demonstrating that the vast majority of image scale variations are due to velocity
aberration. The middle panel shows the residuals of the measured image scales after sub-
tracting the predicted VAFACTOR; the vertical scale ranges from −3× 10−5 to +3× 10−5,
and shifts in residuals as small as 1 × 10−6 would be visible. The residuals clearly exhibit
systematic effects. The right panel plots the residuals against a quantity which parameter-
izes the defocus for each exposure. Because the residuals exhibit a distinct U-shaped pattern
with the largest residuals from images with the most de-focus, Anderson and Bedin (2017)
attribute the residuals to “breathing,” the variations in focus associated with HST’s partic-
ular environmental conditions, e.g. orientation with respect to solar illumination or presence
in the shadow of the Earth. Although Anderson and Bedin (2017) erroneously state that the
VAFACTOR is based on “Hubble’s velocity and pointing vectors averaged over the exposure
time,” quantitatively the error is very small indeed (cf. Equation 8).

Figure 3: A reproduction of Figure 16 from Anderson and Bedin 2017, with permission of
the lead author.

Conclusions

We analyze some details related to velocity aberration of starlight, which changes the
image scale by a factor S given in Equation 2. We provide analytic formulas, Equations
3, 6, and 8, which respectively address potential errors induced by a) the classical (i.e.
non-relativistic) formula, b) the hypothetical possibility of evaluating at the start of an
exposure instead of at mid-exposure, and c) the effect of evaluating at mid-exposure instead
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of averaging over the exposure. Due to the numerical insignificance of the potential errors
that we quantified in this report, we do not recommend any changes to the algorithms extant
in operational computer codes of HST and JWST.
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Appendix A: Excerpts of HST Computer Code

For compactness we provide excerpts, but they will not compile as is; they are
for illustration only.

https://archive.stsci.edu/keyword/ gives the following description:

The VAFACTOR keyword value is a plate scale factor, very near unity, due to velocity
aberration for the combined motion of the Earth and the HST in orbit. The HST flight
software compensates for the differential lateral velocity aberration between the guide stars
and the target position. The velocity aberration also causes a change in plate scale over time
for multiple exposures occuring in a significant fraction of an HST orbit. This effect must
be handled by calibration software, when the aperture is large and the pixel size is small.
At the velocities encountered, the change in plate scale is proportional to the component of
velocity in the direction of the target divided by the speed of light. The plate scale factor is
greater than 1 when the velocity is in the direction of the target.

The keyword in the header of (e.g.) idzv03d1q_flt.fits:

VAFACTOR= 1.000074464623E+00 / velocity aberration plate scale factor

HST’s VAFACTOR in GC_vel_aberr_scaling (Lisa Sherbet, p.c.):

History:

* Date OPR Who Reason

* -------- -------- ---------- ---------------------------------------------

* 09/27/02 46503 J.Baum Initial version.

mjd_time = 0.5 * (expstart + expend);

/* get the net velocity of HST plus Earth Barycentric motion */

if (GC_ERROR == GC_net_velocity( /* get HST + Earth net velocity*/

mjd_time, /* I: mjd format for time */

&net_vel)) /* O: velocity (m/s) */

/* scale_factor = 1 + (target .dot. net_vel) / c */

FGSMTH_dot_product( &target, &net_vel, &dot_product);

scale_factor = 1.0 + (dot_product / FGSMTH_velocity_light_m_per_s);
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Appendix B: Excerpts of JWST Computer Code

As in Appendix A, these excerpts will not compile; they are for illustration only.

JWST’s VA_SCALE in set_velocity_aberration:

(Howard Bushouse, p.c., states it uses conditions at mid-exposure)

https://github.com/spacetelescope/jwst/blob/master/jwst/lib/set_velocity_aberration.py

Parameters

----------

velocity_x, velocity_y, velocity_z : float

The components of the velocity of JWST, in km / s with respect to

the Sun. These are celestial coordinates, with x toward the

vernal equinox, y toward right ascension 90 degrees and declination

0, z toward the north celestial pole.

u : numpy.array([u0, u1, u2])

The vector form of right ascension and declination of the target (or some other

point, such as the center of a detector) in the barycentric coordinate

system. The equator and equinox should be the same as the coordinate

system for the velocity.

Returns

-------

scale_factor: float

Multiply the nominal image scale (e.g. in degrees per pixel) by

this value to obtain the image scale corrected for the "aberration

of starlight" due to the velocity of JWST with respect to the Sun.

beta = np.array([velocity_x, velocity_y, velocity_z]) / SPEED_OF_LIGHT

beta2 = np.dot(beta, beta) # |beta|^2

u_beta = np.dot(u, beta)

igamma = np.sqrt(1.0 - beta2) # inverse of usual gamma

scale_factor = (1.0 + u_beta) / igamma

return scale_factor, u_corr

10


